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Btnde BUT le Triangle et sor certains points de 
Geom^trographie. 

Par M. Emile Lemoine. 

Cette note que j'ai Thonneur de presenter a la Societe Mathe- 
matique d'Edinburgh, par Tentremise aimable de M. J. S. Mackay, 
contient, ou des resultats que je crois nouveaux, ou des dSveloppe- 
ments sur des sujets que j'ai deja souvent abordes dans la G^om^trie 
et qui concernent : la transformation continue dans le triangle et 
dans le tetra^dre, lea formules entre lea 4Ument8 du triangle^ et la 
Geomdtrographie. Pour abr^ger, je passerai rapidement sur les 
points que j'ai deji d^veloppes ailleurs, me contentant de renvoyer, si 
Ton desire plus d'explications, aux mdmoires ou la chose a et^ faite. 

L'idde de la transformation continue n'est autre qu'une explici- 
tation, pour le triangle et pour le tetraedre, du principe de continuite 
de Carnot ; elle permet de transformer les tli^oremes, les formules, les 
Equations qui ddterminent les ^l^ments de ces figures ou expriment 
leurs proprietes, de fa^on a ce que, sous le nouveau v^tement qu'elle 
leur fait prendre, on obtient des theoreiues, des formules, des 
equations nouvelles, mais qui ne sont, au fond, que des formes 
d'une mtoe verite. 

Notations pour le triangle ABC et ses elements. 

Nous nommons a^ b, c; A, B, C ; p, p - a, p - b^ p - c ; S ; R ; 
r, r^, n> ^'c ; ^» ^«» ^by ^c ; w ; /i„, A^, h^ ; /„, If,, l^ ; IJ, 4', l^ respective- 
ment les trois cdt^s BC, CA, AB ; les trois angles ; les quantites 
|(a + 6 + c), \{b + c-a\ \{c-\-a-b\ ^(a + 6-c); la surface; le 
rayon du cercle circonscrit ; les rayons du cercle inscrit et des trois 
cercles ex-inscrits ; les quantites 4R + ?•, 4R - ?-„, 4R - ?-ft, 4R - r^ ; 
Tangle de Brocard ; les trois hauteurs ; les trois bissectrices interi- 
eures ; les trois bissectrices ext^rieures. 

J'appelle a;, y, ^ les coordonnees normales trilineaires, par rap- 
port au triangle de reference ABC. 

J'appelle a, ^, y les coordonnees barycentriques par rapport a 
ce meme triangle ; et X, Y les coordonnees cartesiennes, quels que 
soient les axes de coordonnees et leur angle, 

Voici un tableau qui donne le moyen d'op^rer dans tous les cas, 
la transformation continue soit en A, soit en B, soit en C, dans les 
theoremes, les formules, les equations. 
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Si, dans une formule ou dans une Equation se rapportant au 
triangle ABC et contenant les elements marques dans la premiere 
colonne de ce tableau indiquee par le mot : quantite, je remplace 
ces Elements par ceux qui leur correspondent dans une des trois 
colonnes suivantes, j'aurai op^re respectivement la tranft/ormation 
contimie en A, en B, ou en C. 

Dans une transformation continue : 

I. La droite de I'infini se transforme en elle-meme ; done, deux 
droites paralleles restent paralleles dans la figure transformee. 

II. Les points circulaires de I'infini se transforment Tun dans 
I'autre. 

III. Le degre et la classe des courbes se conservent dans les 
courbes transformees. 

IV. L'homographie, Thomologie, et I'orthologie ainsi que Tin vo- 
lution, se conservent. 

V. Deux droites ou deux courbes qui sont orthogonales restent 
orthogonales. 

VI. Si les longueurs de deux droites sont dans un rapport 
numerique independant des elements du triangle, ce rapport se 
conservera. 



La transformation continue faite en A, en B, et en C successive- 
ment pr^sente les quatre cas suivants : 

a. Elle ne change rien d la formule, a Vequation, au thdoreme 
que Von considere, qui se reproduit. 

Exemples ; acosB -f 6cos A = c. 

Les trois hauteurs d'un triangle se coupent au meme point 
dont les coordonn^es sont 

1 1 1 



cos A cosB cosC 
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h. A chacune des troiH transformations coi'respond nn resnltnt 
different 

Exemples : Au point qui a pour coordonn^es 
p- a p -h p 



, — _ — , 

a 



(point de Nagel) 



correspondent respectivement les trois points : 
p p -c p -h ^ p - c p p-cL , 

> J J j 9 J- 1 f 

a c a be 

L , L— — , - ^ , avec des propri^tes analogues a celles 

du point de Nagel. 

Uaxe anti-orthique (droite qui passe par les pieds des trois 
bissect rices ext^rieures et a pour Equation x + y + z = ()) 
devient par transformation continue en A, la droite qui 
passe par les pieds des bissectrices interieures partant de 
B et de C et par le pied de la bissectrice exterieure partant 
de A ; son equation est -x + y + z = 0. On appelle 
souvent cette droite Tinterbissectrice relative a A. Be- 
sultats analogues par transformation en B et en C. 

c. Une des transformations conserve le r^sultat primitif les deux 
autres le changent en un autre r^sultat, mais unique pour 
ces deux transformations. 

ar r 
Exemple: La formule ^ — T~^ se reproduit par transfor- 
mation en A, mais transform^e soit en B, soit en C, elle 
donne 

g ^ arr^ arr,. 



4R - r^ - r, r^-r 

d. La transformation continue faite soit en A, soit en B, soit en 
C donne un meme rhultat different de celui qu^on trans- 
forme. 
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Example : La conique inscrite qui a pour un de ses foyers le 
point d'oii Ton voit les trois c6t6s sous le m^me angle 
(Ck>nique de Simmons : voir J. J. Milne, Companion to the 
Weekly Problem Papers, p. 16o), conique qui a pour 
equation 

Va»m(A + 60'') + Jy^i(B+W) + V2»in(C + 60") = 0, 
se transforme soit en A, soit en B, soit en C, en 

x/ar8in(A - 60') + Vysm(B^66^) + v Wn(C - 60**) = 0. 

Je n'ai pas trouve de cas oil Tune des transformations reproduise 
la formule et oii les deux autres la modifient mais chacune d'une 
fa^on differente. 

La transformation continue s'applique au t^traedre. Nous allons 
donner seulement le tableau que permet la transformation des 
elements de la figure. 

Notations. 

1°. Je dhigne jyar A, B, C, D les sonunets du tdlraedre. 

2^ Les faces ABC, BCD, CDA, DAB seront F^, F„, F„ F„ 

nous poserons F„ + F^ + F^ + F^ = S. 



3". Les angles plans des faces 

BDC, CDA, ADB 

CAB, DAB, DAC 

ABC, ABD, DB ^ 

BCA, BCD, DCA 



seront 



T>. 



B. 



D., 


D. 


A, 


A, 


B„ 


B„ 


c„, 


c„ 



4°. Les longueurs des c6i4s BC, CA, AB, DA, DB, DC seront 
a, 6, c, a\ b'y c'. 

5". I^es angles diedres qui out pour aretes BC, CA, AB, 
DA, DB, DC seront a, 6, c, a\ b\ c'. 

Les angles qitefait une arSte avec les deux faces qui ne la contien- 
nent pas seront ddsignSs cha^un par le lettre qui reprdsente V arete ^ 
suivie de la lettre qui reprdsente la face consider ee. 
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II y aura done les douze angles 

«F„, <^j, ^^, «T, 
6F„, JF;, 6%, b% 
cF,, cF,, ^\,- cT„ 

6°. L'is Iiautenrs seront : A„, hi,, h^ h^- 

1", Les rayons et les centres de la sphere inscrite et des spheres 
ex-inscrites de pREMiiiRE ESPi:CE seront : 

r, r„, r^, r„ r^ ; o, o„, o^, o„ o^. 

Les rayons et les centres des spheres ex-inscrites de second E 
ESPfecE, o^L spheres inscrites dans les comhles du t^traedre seront 

r,!, n', < ; o/, o;, o;, 

rj et 0^ ; r^' et o^' ; r/ et o^ appartenant respectivenient a la sphere 
inscrite dans I'un des combles qui ont pour aretes DA ou BC ; 
DB ou CA ; DC ou AB. 

(On sait qu^l n'y a qu'une seule sphere pour deux combles 
opposes. ) 

Le tetraedre general possede toujours ces huit spheres tangentes 
aux quatre faces ; quand une sphere ou deux spheres, ou les trois 
spheres inscrites dans les combles manquent, ce qui peut arriver, car 
lorsque la somme de deux faces qui ont m^me arete est ^gale a la 
somme des deux autres, la sphere des combles correspondant a ces 
aretes a un rayon infini ; ce ne sont plus alors des t^traedres 
genSraux puisqu* il y a une ou plusieurs relations entre les faces, et 
la transformation continue n'est plus applicable, au moins sans dis- 
cussion prealable. 

8**. Le volume du tetraedre et le rayon de la sphere circonscrite 
seront : V et R. 

sera le centre de cette sphere. 

9*. Les angles de DA avec BO ; de DB et de AO ; de DO 
et de BA seront : a, /?, y, 

10*. Les longueurs des droites qui joignent les milieux de DA et 
de BC ; de DB et de AC de DC et de BA seront : Z, m, n. 
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De menie que U tnin.<r'frh^>f*i>H 'f»i*('t »**•>' en A, duns le triangle, 
revient a changer «*&,*' en «, - 6, - «\ la tntt^formntion continue 
en I), dans le tetraedre, revient a changer a, 6, e, a', 6', c' en 
a^hy Cy — a*, — 6', — c. 
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V et R se changent en : - V et - R dans les quatre transforma- 
tions. 

a, p, y deviennent : ir-a, ir-p, ir-y dans les quatre trans- 
formations. 

I, my n ne changent pas. 
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Nous avons vu par le tableau relatif au triangle qu*a un point 
donn^ M(a;, y, z) dans le plan du triangle peuvent correspond re 
trois transformes continvs M^, M^, M^ dont les coordonn^ sont 

en affectant des indices a, 5, c les quantit^s qui representent ce que 
deviennent les coordonn^es quand on les transforme en A, en B, et 
en C. Par rapport au t^traedre un point M(.r, y, Zj t) peut avoir 
sept transform^s continus dont les coordonnees sont 

1". Quatre transform^s de premiere esp^ce 

^dt Vdt ^di ~ ^rf J ~ ^'ai l/ni ^n» ^a f ^M ~ Vbi ^&» ^6 'i ^r> Vd ~ ^ri *c 

2". Trois transformes de seconde espece 

~ ^'da^ Vdai ^dai " *da ') ^'dbJ ~ l/dbi ^dbi ~~ *db \ •^<te» 2/dc> ~ ^rfO ^ ^de 

Xa d^signant ce que devient x par transformation continue en D, 
Xoa d^signant ce que devient x si Ton fait d'abord la transformation 
continue en D sur lui, ce qui donne Xa ; puis la transformation 
continue en A sur .r^, ce qui donne Xoat etc. 

Pour les demonstrations et Texposition de la transformation 
continue nous renvoyons aux memoires suivants : Association Fran- 
Qaise J /our Vavancenient des Sciences, Cong res de Marseille 1891 ; 
Mathesis, 1892, pp. 58-64 81-92; Nouvelles Annates de MatJie- 
matiques^ ./antTier 1893, etc; et pour Tapplication au t^tra^re, 
Association Franr.aise, Congres de Besangon, 1893. 

Nous allons donner maintenant quelques exemples des applica- 
tions de la transformation continue, Cela nous fournira en m§me 
temps Toccasion d'attirer Tattention sur I'emploi de formules 
sym^triques entre les elements du triangle, emploi qui est tres 
avantageux pour effectuer beaucoup de calculs qui, a premiere vue, 
paraitraient inextricables. 

Je me propose, d'abord, de calculer les huit rayons des cercles 
qui sont tangents aux trois cercles d^crits des sommets A, B, C d'un 
triangle comme centres avec BC = a, C A = 6, AB = c comme rayons. 

Prenons la question g^nerale de la recherche des rayons des 
cercles tangents a trois cercles donnas de centres A, B, C et de 
rayons que j'appelle R^, R^, R^. Ce que nous allons faire ainsi est 
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une maniere de traiter le cJIebre probleiue d'Apollonius, nianiere 
qui, je crois, n'a pas encore ete consider^e. Pour fixer les idees nous 
supposons, sur la figure (Fig. 1) qu'il s'agit de chercher le rayon p 
du cercle de centre o qui a les trois cercles donnes a Texterieur. 

Joignons oA, oB, oG que nous appelons X, Y, Z ; pour tout 
point du plan on a la relation 

Sa^X^ 2(62 + c«--a^)(a2X- + Y2Z2) + a^6V = 

entre les distjinces X, Y, Z d'un point quelconque aux trois som- 
mets. 

D'ailleurs, comme on a : 

X = R, + /), Y = R, + />, Z = R, + p 
on peut ecrire 

2ftV + R„)^ - ^b' + ^2 + c'){a\p + nj + (p+ R,y(p + R,f} + a^6V = 

Si Ton d^veloppe cette Equation en I'ordonnant par rapport a p, 
on voit tr^s facilement que les coefficients des terraes en p* et en />•' 
sont nuls identiquement et il vient 

( 1 ) p^2[6a^R«2 - {b' + c^ - a')[a' + {R, + R,f + 2R,RJ] 
+ 2p l[2amj - {h' + c'- a2){«^R„ 4- R, R, (R, + Re)}] 
+ a'bV + 2{ct'RJ-{b' + c'-a'){a'RJ' + R,m:')}^0 

Cette equation donnera deux valeurs p et p" correspondant aux 
cercles qui touchent les trois cercles donnas en les ayant tous les 
trois a Texterieur, ou tous les trois a Fint^rieur. 

Pour revenir au probleme que je me proposais de r^soudre, il faut 
f aire : R„ = a, R^ = 5, R^ = c 

et calculer le coefficient de p\ celui de p, et le terme ind^pendant 
de p. Appelons I>, M, N ces coefficients, il faut e valuer main- 
tenant 

L = 2[6a*-(624-c2~a'){a' + (6 + c)2 + 26c}] 

M = 2[2a« - (6*^ + c' - a^a"^ + bc{b + c)}] 

N = aVc^ + 2{a« - (62 + c^ - a^a' + 6V)}. 
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Calcul de L. On peut ecrire 

L = 62a* - 2(a2 + 6^ + c= - 2a^){d' + &- + c^ 4- 466-), ou 

L = eSa-* - 2(a* -\-b^ + c^ + 2'^\a^ + 6' + c^) - i^hc{a' + 6* + c^) 

+ 82a^6c, ou 

L = 62^* - ^a^ + h^Jf c^f + 2(a2 + 6* + c'pa^ - 4(a'^ + ft- + c=)!:7>c 

+ Saftcwfl, ou 

L = 62a* - 2(a2 + 6^ ^ c^)^ - 4.{a' + 6' + c'^)26c + 1 Qpabc, 

Mais les formules dont je parlais tout a Pheure (voir Mathesis 
1892, loco citato) donnent 

2a* = 2 {p" - r8)- - 4S^-}, a= + 6^ + c^ = 2(;;2 - r8) 
2ftr = ;>^ + rS ; 
on a d'ailleurs, aftc = 4RS et S=/»r. 

Substituant et effectuant les calculs, on trouve tres facilement 
L = 16r2(S2-4;.2) 
Calcul de M. On a : 

M = 22a'' - 2(62 + c^ - a^)a^ - Ihc(b + c){b^ + c^ - a% ou 

M = 22a« - 2(a2 + ft^ + c^ - 2a2)a» - 25c(6 + c){a- + 6^ + c^ - 2a2), ou 

M = 42a« - (a^ + 6^ + c^)^a^ - {a" + ft^ + c2)26c(6 + c) - 2a6c2(6 + c)a, ou 

M = 42a'^ - (a^ + 6^ + c2)2a'^ - (a^ + 6« + c2)26c(a + 6 4- c - a)4a6c2ftc, ou 

M = 42a« - (a^ ■\-h'' + c2)2a'^ - 2jo(a2 + ¥-\- c^)Ybc + 3a6c(a2 + 6^ + c") 

- AahcZbc 
Les formules ddjk cities donnent 

2a3 = 2p{p' + 6Rr - 3rS) = 2p{p^ - 3r(2R + r)} 
2V = 2p [p* - 10;?V(R + r) + 5r25(2R + r)} 

Substituant et r^duisant, on trouve 

M = 64pr2{5(2R + r) - 2jo2} 
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Calcul de N. On a 

N= a*-^6V+ i:{a«-(6'^ + c--tt'^)(a^4-6V)} ou 

N = a^tV + 2a« - 2(a^ + 6^ + r - 2ar){a* + 6V) ou 

N= a26V+ :Sa«-(a'^ + 6^ + c2):2a^ + 22a«-(a« + 6'^ + c-):i:6V 

4-22a26V ou 

N = la'b^c' 4- 32a« - (a= + 6^ + c^)!:^^ - (a^ + b^ + c^)2b^c^ 

On trouve dans nos formules 

^b''c' = {f/-r8f + iS'' 

On n'y trouve pas 2a* mais il peut se calculer aisement en partant 
de 2a^ et de 2a^. 
On a en efFet 

{a* + 6H c*){a' + 6' + C-) = 2a« + ::!:a2(6^ + c^) 

= lV + :!:6V(6^ + c2) ou 
4 / (^2 _ ^.g)2 _ 4S2 1 (^2 _ ,.g) = 2a« 4- 1'^> ^(a^ + 6^ + c^ - a^ 

= 2a« + 2(p; - r8):^6V - Sa'b'c" ou 

- 48/KV 
d'ou Sa« = 2( ;;2 - rS)« - 24/>V(;r - r8) + 48/R*V 

Substituant on trouve 

Remarquons, en passant, que Ton a 

/ - (2R + rf = 4R2cosAcosBcosC. 
L equation qui determine p devient alors 

%S' - 4//) + 4:jjp{S{2R + r) - 2/} - ip'{p' - (2R + rf} = 
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On en tire, toutes reductions faites : 



, 2p{2R + r-p) „ 2p(2B, + r+p) 
f^ 2^B '^ = 2^TS ^-^ 



La forinule (1) lorsque les racines sont reelles donne toujours les 
rayons avec un signe, naturellement ; mais il faut interpreter 
geom^triquement ce signe. Ainsi, avec les deux forniules pr^^entes, 
si le triangle est equilateral, on trouve 



^3-1 „ v/3 + 1 

et ce sont bien, mais en vcdeur absolue seulement, les valeurs des 
rayons qui conviennent pour ce cas, comme la geometrie le montre 
imm^diatement. (Voir la note additionnelle a la tin du m^moire.) 

Si Ton applique la Transformation continue en A aux formules 
(2), il vient 

2{p-a){-2R + r, + (p-a)i 



Pa = 



/>a •= 



2(p-a)-5„ 

2{p-a){~2R-i-r^ + {p-a)} 
2(p-a) + 8, 



qui donnent les rayons du couple de cercles tangents aux trois 
cercles donnas, le premier tangent a I'interieur du cercle de centre 
A et a Text^rieur des deux autres, le second tangent a I'exterieur 
du percle de centre A et a Tinterieur des deux autres ; on aurait de 
nieme les rayons des cercles des deux autres couples par transforma- 
tion continue en B et en C, 

Ces calculs paraissent fort longs surtout parceque nous les avons 
ddvelopp^s, dans le but de montrer, pour des cas analogues, notre 
maniere d'operer, mais ils sont tres sym^triques, tres aises, et nous 
ne Savons d'ailleurs pas comment on aurait pu arriver a ces resultats 
sans nos formules et sans la Transformation continue ; il ne serai t 
probablement m^me point facile d'y arriver synth^tiquement en 
supposant ces resultats connus. et en cherchant alors a les demontrer. 
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Remarques. 

L'axe de similitude externe des trois circonfdrences 

A(a), B(6), C(c) est la droite a^x + 6V + c'« = 0. 

On en conclut, par transformation continue en A, que la droite 
(coordonn^es normales) -a^x + h^y + c^z^^O est Taxe de similitude 
qui passe par les centres de similitude interne de A(a) et B(5), et 
de A(a) et C(c). Nous designons par M(R) un cercle de rayon R 
et de centre M. 

Le centre radical de ces trois circonferences est le point dont les 
coordonnees normales sont : 

. cos A - cosBcosC, cosB - cosCcosA, cosC - cosAcosB 

c'est un point que Ton rencontre assez souvent dans la G^om^trie du 
triangle et qui est le symetrique de I'orthocentre par rapport au 
centre du cercle circonscrit. 

On trouve tres simplement les coordonnees de ce centre radical ; 
en efiet (Association fran^aise, 1888, Congres d'Oran, p. 170 vi.) il a 
pour coordonnees normales 

abccosA - a' + 6^cosC 4- c^cosB, etc. 
Mais 6'^cosC + c'^cosB - a;^ = 4RS(cos A - 2cosBcosC) ; 

elles deviennent done 

4RScos A + 4RS(cosA - 2cosBcosC), etc. 
ou cos A - cosBcosC, com me nous I'avons dit. 

La remarque permet de placer tres simplement ce point dans le 
triangle ABC. 

Pour cela je trace les trois cercles A(a), B(6), C(c) op : (9Ci -h SCg) 
et comme ces cercles se rencontrent deux a deux, il suflit de tracer 
deux de leurs intersections op : (4Ri + 2Ej,) 

qui se coupent au point cherclie. 
En tout op : (4Ri + 2R2 + 9C, + 3C3) 

Simplicite 18 ; exactitude 13 ; 2 droites, 3 cercles. 
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Sans entrer dans d'autres details j'enoncerai encore les applica- 
tions suivantes de la transformation continue et de nos formules. 

Les points w, w' qui ont pour coordonn^es normales respec- 
tivement 

« + r'„ h + r,, c + r,, , a - r„ b -r^ c- 1\ 

» — J — > j > — , » 

a b c a c 

sont des points qui jouissent de proprietes remarquables et que j'ai 
souvent rencontres, ainsi que leurs transformes continus en A : o)„, a>„' 

a + r 6 4- ?\. c + Vf, ^ a-r b-r^ c - r^ , 

, -- — , * , — — , • 

a c a c 

en B : w^, w/, etc. 

Oes huit points w, w', («>„, to^', etc., sont les centres des quatre 

couples de cercles tangents savoir : 

(0, w' aux cercles A(/? - a), B(/; - 6), C(j!? - c) tangents deux a 

deux ; 

(o„, (!>,/ aux cercles A(p), B(/; - c), Q{p -a)-, 

0)^, 0)^' etc. 



On pent trouver les rayons de ces cercles en appliquant la for- 
mule g^nerale que nous avons donnee plus haut pour resoudre le 
probl^me d'Apollonius. II suffit de faire : 

pour (0 et 0)' , R„ = /9-a, Rft=/>-6, ^X^=p-c 
pour (o„ et (!>„', R„ = p , R^ =^ - c, R, =p - ^> 

et de reduire les coefficients de I'equation en p^ par une methode 
analogue a celle que nous avons donnee. On trouvera pour les 
cercles de centres w et w' 



S , s 

P - T— -7 . etc. 



2;; + S' ^ 2p-8 
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Oi 


1 a : 


— ^2 

w w = 


(V 




^ 


et 


par 


transformation continue en A 










= 16S%5'>- 


-•dip- 


-af 

5J 2)2 




^a^a = 



Les coordonn^es cart^siennes du centre O du cercle inscrit par 
rapport a HB pris pour axe des x et a HA pour axe des y sont, 
comme il est facile de le voir, (H ^tant Torthocentre) 

ccosB -(p-h) rsinC -{p- b)cosC 
X — T—pi y = 7—7Z 

smU smC 



En appliquant la transformation contimie en A, en B, en C a ces 
expressions de coordonn^es on a imni^diatement les coordonn^es, par 
rapport a ces m^mes axes, des centres 0„, O^, O^ des cercles ex- 
inscrits. 

^ ccosB -(p-c) 

^- '"= ^h^c — ' ?^= 

- ccosB— » 

^- " = sinO ' 2/ = 

n . cco8B + {p-a) 



L'^quation, en coordonn^es normales, de Tellipse qui a pour foyers 
deux sommets du triangle, B et C par exemple, et passe par le 
troisi^me en A, est 

P(P - a)(&y + cV) 4- hcyz{p^ + {p- af} + abcx{b + c)(y + s) = 

Si on la transforme en A, elle se reproduit, mais si on la trans- 
forme soit en B, soit en C, on obtient I'^uation de Thyperbole qui 
a pour foyers B et C et passe en A 

(p - 6)(p - c){by + ^e) - hcyz{{p - hf + (p - cf) + ahcx{b - c){y -z) = 



r„sinC + (/? - c)cosC 


sinC 


r,,sinC - jocosC 


sinC 


r^sinC + {p- a)cosC 
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Je vais donner quelques explications sur la fa90n dont j'ai 
obtenu les nombreuses formules auxquelles je fais souvent allusion 
ici, et que j'ai employees, sans les d^montrer ; elles d^rivent des 
formules connues 

S=pr, etc., r, + n4-r^ = 4R + r, 
pip-aj^nr,, (p-b){p-c) =rr„, etc. 

et de quelques autres que j'ai rencontr^es, et qui ne I'^taient pas ou 
du moins dont on n'avait pas remarqu^ la f^ondit^. Je citerai par 
exemplc les trois suivantes 

. 2R-fr-r, 
^^^^ = — 2R — 

bc + ca + ab= p^ + rS 

La premiere pent se d^montrer ainsi. 

Soient x, y, z les perpendiculaires abaiss^es du centre du cercle 
circonscrit sur les trois cdt^s, on a : 

(1) a; + t/ + 2j = R + r 

C'est un th^or^me de Camot dont M. J. S. Mackay a donn^ de 
nombreuses demonstrations dans son int^ressant m^moire The 
Triangle and its Six Scribed Circles (Edinburgh Mathematical 
Society, 1883). 

Si nous transformons Tequation (1) continiiment en A elle 
devient 

(2) -a;4-y + «= -R + r«. 
De (1) et de (2) on d^duit 

2R + r-r„ 

a; = 

2 

Mais a; = RcosA ; done 

2R + r-r« 



cos A = - 



2R 



Je ne vois pas de moyen de d^montrer les deux autres for- 
mules par des considerations g^ometriques simples sur une figure, 



Digitized by 



Google 



19 

et ce serait a desirer^ mais voici la facon de les obtenir ensemble. 
On a 

n. + n + ^c = 4R + r = 8 

,, . 1 1 1 2S 

d ou 1 1 = 

h+c-a c+a-b a+b-c 8 

puisque S = r„(;? - a), etc. 
De la je tire 

a^-(b-cy + b^-{c-ay + c^-(a-bf 4Bp 
168^ " 8 

d'ou 226c -2a2 =48r 

Mais on a identiquement 

d'ou I'on tire 

26c =p'' + r8 et 2«2 = 2(p' - r8) 

Je bornerai la ce que je veux dire de ces forniules, mais puisque 
c'est M. J. S. Mackay qui me fait Thonneur de presenter cette note 
a la Society Math^matique d'Edinburgh, je veux aussi aj outer 
quelques observations relatives a la Geometrograpliie qu'il vous a 
fait connaitre, il y a quelques mois, en Tappliquant devant vous k la 
recherche du symbole, de la simplicite et de I'exactitude des con- 
structions donn^es dans TEuclide, employ^ presque universellement, 
en Angleterre, pour T^tude des dldments de Geometric. 

Nous sommes sur le sujet, tout a fait d'accord, nous ne difil^rons 
que sur des details tr^s peu importants au fond; seulement en dehors 
de Tavantage serieux d'avoir partout identiquement les m^mes nota- 
tions, je pense que celles que j'emploie, sont plus dans Tesprit de la 
m^thode telle que je Tai congue, et je vais essayer bri^vement de le 
convaincre. 

Je rappelle que Tessence de la G^om^trographie est speculative, 
elle ne s'applique aux constructions a effectuer que — si parva licet 
eomponere magnis — comme la Mecanique rationnelle s'applique k 
Tart de Tlng^nieur. Voici mes notations 
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1. Faire passer le bord d'une rhgie par un point plac^ 

c*est VopSration (Ri) 

done, spdculativementy faire passer le bord d'une 

r^gle par deux points places, c*est op : (2Ri) 

2. Tracer la droite qui suit le bord d'une regie, c'est op : ( Ro) 

3. Mettre une pointc d'un compas en un point plac^, 

c'est op : ( Ci) 

done, sp^culativement, prendre avec le eompas une 

• longueur placee, c'est op : (2Ci) 

4. Mettre une pointe en un point ind^termine d'une 

ligne trac^e, c'est op : ( Co) 

5. Tracer le cercle, c'est op : ( C3) 



Monsieur Maekay supprime I'operation Cg qu'il assimile a 0^, 
parceque, dit-il, quand on met la pointe en un point ind^termind 
d'une ligne on vise d'abord le point ou Ton veut placer la pointe, 
c'est a dire qu'on la met r^ellement en un point d^termki^ ; enfin Ton 
a ainsi I'avantage d'avoir plus de symdtrie dans les symboles, puisque, 
supprimant mon symbole Cg, il appelle C^ ce que j'appelle C3 et 
que Ton a : R^, Rg symboles pour la droite, Ci, Cg symboles pour 
le cercle. 

Monsieur Maekay a raison, Ton vise effectivement, en pratique, 
un point avant d'y poser la pointe, mais peu importe ; au point de 
vue sp^culatif de la G^omdtrographie, mettre une pointe en un point 
d^termin^ et mettre une pointe en un point indetermin^ d'une ligne, 
sont deux choses essentiellement diflR^rentes; c'est pour cela que je crois 
prdf^rable de conserver les notations Cj et C, afin de marquer la 
difference, puisque, d'ailleurs, 11 n'y a aucun inconvenient a la chose. 
Quant k Favantage de la symetrie, il serait grand, si Ton avait a 
faire des calculs avec les symboles comme avec les expressions 
algdbriques, mais comme le symbole final est simplement un tableau 
qui ne sert qu'k lire des r^sultats, il suffit qu'il soit clair et la 
suppression du symbole C2 n'y apporte, pas plus de clart^ et fait 
disparattre un detail des phases de I'operation. La symetrie pour 
Toeil, a un point de vue en quelque sorte esth^tique, n'est dans ce cas 
qu'une illusion, ear elle ne s'appliquerait qu'a une partie de la 
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G^m^trographie, celle qui 6tudie lea constructions canoniques de la 
regie et du compas, elle disparaitrait avec Tadjonction des symboles 
nouveaux qu'amene Temploi de Tequerre, ainsi que je Tai d^velopp^ 
dans un m^moire presents au mois d'Aout cette annee au Congres 
de r Association Frangaise, a Caen. Ajoutons que la question reste, 
en r^alite, presque du domaine de la th^rie, car le symbole Cg se 
rencontre assez rarement dans les constructions et gen^ralement par 
faibles unites dans celles ou 11 se rencontre. 

Enfin nous avons appr^ci^ differemment dans un cas — tres peu 
important ^galement — la mani^re de compter les symboles. 

Pour tracer deux droites AB, AC passant par un meme pointy 
je ne tiens pas compte de ce qu'elles passent par le m^me point et 
j 'lvalue le trac^ 4R1 + 2R2 comme s'il s'agissait de deux droites 
difi)^rentes AB, CD. Cela, par la raison qu'on ne pent maintenir la 
regie en A (une fois qu'on a tracd AB). Pour tracer AC on 
recommence simplement reparation sans que la nouvelle operation 
prpfite en quoique ce soit de ce qu*on a fait pour la premiere. 
Monsieur Mackay compte 2Ri + Rg pour la premiere et seulement 
Ri + R2 pour la seconde, comme si la r^gle avait tourn^ autour de 
A. Je m'aperqois tr^s bien que je m'appuie sur deux ordres de 
raisons qui semblent se contredire ; en effet pour justifier Femploi 
de Cg, je m'appuie sur Tessence speculative de la G^ometrographie 
et, pour justifier mon evaluation du trac^ successif de deux droites 
qui ont un point commun, j'invoque la manoeuvre pratique que Ton 
execute. Cel& est fort naturel cependant, parceque, quoique specu- 
lative, la G^ometrographie a en vue Tapplication possible de ses 
speculations, elle a done deux faces et, si elle doit rester tout a fait 
speculative lorsque cela rHa aucun inconvenient^ — c'est ainsi que pour 
tracer le cercle 0(6) imm^diatement apres avoir trace le cercle 
0(a), je ne compte que C3, si je n'ai pas eu a ddplacer la pointe 
fix^e en O, mais seulement a ouvrir ou a fermer la branche du 
compas, parceque je puis operer ainsi — il me semble utile de con- 
descendre k la pratique dans le cas oil j'ai k tracer deux droites 
successives ayant un point commun puisque le contraire aurait un 
inconvdnient et que je suis, de plus pres, la manoeuvre du trace. 

Je ne m'^tendrai pas sur Temploi que j'ai fait de Tequerre en 
appliquant la G^ometrographie a la Geometrie descriptive, je renvoie 
pour cela k mon mdmoire ddji cite, presents au Congres de Caen. 
Je vais seulement d^finir les nouveaux symboles que j'ai adoptes en 
les ajoutant aux anciens. 
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Je suppose que Ton emploie T^uerre seulemeot pour tracer les 
paralleles et jamais pour tracer les perpendiculaires ; je ne suis point 
habitu^ a la pratique du dessin, mais je sais que cette mani^re 
d'opdrer est proscrite dans toutes les ^pures exactes. Par exemple 
les instructions donn^es aux dessinateurs des services de la Ville de 
Paris recommandent de ne jamais tracer de perpendiculaires avec 
Tequerre ; si Ton a plusieurs perpendiculaires a tracer k une m^me 
direction, on determine la premiere avec la r^gle et le compas et les 
autres avec Tdquerre, comme ^tant parallMes a celle-ci. 

Nous admettons cependant que Ton se serve d*un t^ dont la 
direction donne les parallMes a la ligne de terre sur la feuille collee 
sur la planche, et alors, que Ton puisse mener, k T^uerre, les lignes 
de rappel relatives a cette ligne de terre, apres avoir vdrifi^ Inexacti- 
tude du trac^ une fois pour toutes. 

On n'a done, pour Tusage de T^querre, que les operations nouvelles 
suivantes (sans compter celles ou F^uerre sert comme servirait 
la r^le seule, operations qui conservent le symbole adopts). 

— Mettre un hord de la regie ou de rdqvsrre en coincidence avec une 
droite ddja trac4 sur la figure. Nous pourrions assimiler cette 
operation a faire passer le bord par deux points et compter alors 
2Ri, mais il nous semble utile — et sans aucun inconvenient — de 
distinguer, l^gerement, cette nouvelle operation, afin de pouvoir 
appr^cier, d'un coup d'oeil jete sur le symbole final de la construc- 
tion, le degr^ de frequence dans Temploi qu'on y a fait de Tequerre ; 
aussi nous Tappellerons op : (2Ri') 

Nous ne comptons pas Tacte tout mecanique de placer T^querre 
contre la r^gle ou r^ciproquement. 

— Faire glisser Tequerre jusqu' a ce que son bord passe en un point 
place op : (E) 

Ri' et E sont les seuls symboles nouveaux a employer et, toute 
operation faite avec le compas, la r^gle et T^querre, aura pour 
symbole : 

Op : (^iRi + ^aR/ + ^3^2 + ^4^ + ^sCi + h^2 + ^Ca) 

Zi + ^2 +••••+ ^ sera le coefficient de simplicity 
lx-\-l2 + h + h + h 1® coefficient d'exactitude 
^3 sera le nombre de droites tracees 
L celui des cercles. 
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Je veux tenniner en vous donnant les r^sultats d'une experience 
que la complaisance de M. Jung, le savant professeur de Milan, m'a 
permis d'executer et qui montre jusqu' ou pent aller la simplification 
que la Gdom^trographie introduit dans une construction, simplifica- 
tion qui est due surtout a Fidee fondamentale de la G^om^tro- 
graphie, c'est a dire a la recherche m^thodique des simplifications ; 
car la G^om^trographie n'innove rien en G^om^trie, elle se sert 
d'^l^ments connus, et, a la rigueur, toutes les simplifications aux- 
quelles elle conduit, auraient pu theoriquement ^tre faites sans elle : 
mais on n'y songeait pas, parceque Ton manquait de criterium et 
parceque le mot de simplicity ne s'appliquait qu'a I'exposition 
th^orique de la solution d'un probl^me et non a sa construction 
effectu^e. 

Voici Texp^rience dont il s'agit. Je voulais prier uu geometre, 
tout k fait stranger a la notion de Geom^trographie, de m'ecrire en 
detail, sans /aire Vepure, comment il s'y prendrait pour ex^cuter, 
avec la regie et le compass, le plus simplement qu'il le pourrait, selon 
les regies connues de la construction des expressions alg^briques, 
une construction quelconque que je lui indiquerais au hasard. 
D'apr^s cela je pourrais ^ valuer sa construction par le symbole 
geomdtrographique, puis reprendre, moi, le m^me probldme en y 
apportant les simplifications m^thodiques de la Geometrographie ; 
enfin ^valuer ma construction et comparer les deux symboles. Je 
ne pouvais faire facilement la chose a Paris car les math^maticiens 
qui y sont de mes relations connaissent, au moins vaguement, la 
Geometrographie, et je n'aurai pas eu la construction dans les con- 
ditions qu'il me fallait. M. Jung avec qui j'ai le plaisir d'etre en 
rapport, pr^cisement a propos de Geometrographie, accepta de m'aider 
a faire Texperience. Je lui envoyai alors cette construction : 

Daiis un triangle ABC dont les cStes sont a, b, c placer le 
point dont les distances aux trois cotes BC^ CA^ AB^ (ou coordonnees 
nomudes), sont respectivernent proportionelles a : 

a^'b^ + a^c^ - b^c^ Wc^ + b^a" - aV c V + c'b'' - a^b^ 



c'est un point que je choisis au hasard parmi ceux qui se rencontrent 
f requemment dans la Geometrie du triangle avec des coordonnees un 
pen complexes. 
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II ^tait convenu que ]e point devait ^tre plac^ directement d'apr^s 
ses coordonnees et non d'apr^s des propri^t^s g^m^triques particu- 
li^res a ce point, si Ton en trouvait. Monsieur Jung pria un de ses 
anciens ^l^ves de faire ce que je d^sirais, et quelques jours apres il 
eut la bont^ de m'envoyer la reaction mSme qui lui avait 6t^ 
remise. 

Je dois dire que la construction qu'on y indique est tr^ logique, 
fort bien con9ue et analogue a celles que chacun de vous ferait sans 
doute, et que moi-m^me j*eusse fait il y a quelques ann^. On en 
trouverait, facilement, sans G^metrographie, de beaucoup plus 
simples a tracer, mais il n'y aurait aucun criterium pour permettre 
de Faffirmer, et cette preoccupation du trac^ r^l n'est pas dans 
I'esprit des G^ometres. 

Je d^terminai alors le symbole de cette construction que je 
conduisis mime assez dconomiquemerU en ^vitant certaines repetitions 
de lignes inutiles. Puis je cherchai une construction de ce meme 
point en appliquant les precedes geom^trographiques et j*en deter-" 
minai aussi le symbole. Les resultats sont stup^Jianta ] les voici : 

Symbole de la construction qui m'a ete envoyee 

op:(81Ri + 46R2 + 211Ci + 121C3) 

Simplicite 459 ; exactitude 292 ; 46 droites, 121 cercles. 

Symbole de la construction geometrographique 

op : (14Ri + 7R2 + 48Ci + 22C3) 

Simplicite 91 ; exactitude 62 ; 7 droites, 22 cercles. 

La premiere exige done plus de 5 fois plus d'operations eiemen- 
taires et le trace de 6 fois J plus de droites, de 5 fois i plus de 
cercles ! 

Ce n'est pas tout, un geometre qui s'est epris de la Geometro- 
graphie, s'y est exerce, (et y a mSme acquis beaucoup plus de 
dexterite que moi) Monsieur Bern^s, auquel j 'avals envoye le 
probl^me, parceque je ne doutais pas qu'il n'en simplifi&t encore la 
construction, m'ecrit ce matin qu'il Texecute avec 64 <yp4ration8 {U- 
mentairea et qu'il me donnera la construction a son retour de voyage ! 
Plus de 7 fois plus simple que la construction faite en employant la 
methode resultant de ce qui est indique dans tous lesTraites classiques, 
au sujet des constructions. J'avoue que j'ai ete moi-meme un peu 
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surpris de cette invraisemblable diflR^rence, je pensais bien que je 
simplifierais d'au moins la moiti^, mais de 5 fois, de 7 fois, je ne 
pouvais m'y attendre, d'autant plus que lorsque j'essayais moi-m^me 
d'exdcuter les constructions d'application par les m^thodes usuelles, 
pour faire la comparaison avec les mdthodes g^om^trographiques, je 
les simplifiais malgr^ moi, pour dviter de les compliquer inutilement, 
et je n'arrivais pas alors a des r^sultats aussi ^loign^s dans les con- 
structions trait^es par moi avec les deux m^thodes ; en m'adressant 
a un geom^tre quelconque, j^ii evit^ cette cause d'incertitude, et, 
sans croire que toutes les constructions d'application — je ne parle pas 
des constructions fondamentales seculaires, que j'ai cependant presque 
toutes simplifi^es peu ou beaucoup depuis : mener par un point A 
une droite pa/ralleU a une droite donnee BC — donneraient lieu a une 
aussi considerable reduction, j'estime que la construction g^ometro- 
graphique serait toujours de 2 a 3 fois plus simple que la construction 
ex^cutee par les m^thodes employees jusqu'ici. 

Paris, Octobre 1894. 



NoTifi ADDITION ELLE. 

Si Ton convient que les longueurs doivent ^tre comptees posi- 
tivement a partir de o vers oA, on voit que AAi est ^gal a 
- Ra, I'origine des rayons etant en A. Les equations de la page 10 
doivent done ^tre X = p - R^, etc. Le signe du coefficient de p 
dans r^quation (1) sera simplement chang^, et Ton aura les valeurs 
de p avec le signe qui leur convient. 
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The Nine-point Oircle. 
By R. F. Davis, M.A. 

The nine-point circle of a triangle touches tlie inscribed circle, 
FlOURB 2. 

I. Let ABC be a triangle, having l C greater than L B, 
D, E, F the middle points of the sides, and AX perpendicular 
to BC. 

Then the upper segment of the nine-point circle cut off by DX 
contains an angle C - B ; and conversely. 

Figure 3. 

II. If AP bisect the angle A and meet the base BC in P, 
and AC be taken along AB equal to AC ; then PC touches 
the inscribed circle. Also i. BPC = lC- lB, 

For the triangles APC, APC are congruent ; hence the per- 
pendiculars IM, IM' on PC, PC respectively are equal. 

Figure 4. 

III. DM2 = DP.DX 

For HP = HC2 

= HD.HK 
= HP.HA; 
and the projections of HI, HP, HA on BC are DM, DP, DX. 

Figure 5. 

IV. Let O be a fixed point on the tangent at A to a fixed 
circle S, and points P, Q be taken (the one on OA and the 
other on OA produced) such that OA^ = OP. OQ, then the seg- 
ment of a circle 2, described through O, Q and containing an 
angle equal to the external angle between the tangents to S from 
P, touches the circle S. 
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Por if PR, the second tangent to S from P, be drawn, and 
OR produced to meet S in T, since 

0R.0T = 0A2 = 0P.0Q, 

therefore l OTQ = l OPR ; 

therefore the point T lies on 2. 

Again, drawing the tangent TXJ to S at T to meet PR 
produced in U ; 

iLUTR= ^URT= ^ORP= /.OQT; 

therefore TU touches 2 at T. 

Thus the circles S, 2 touch each other in T. 

V. The application of iv. is fairly obvious. Since in Figure 4, 

DM2 = DP.DX(iii.), 

the segmental circle upon DX, containing an angle 

BPC' = C-B(il), 

touches the inscribed circle (t.). But (i.) the former circle is none 
other than the nine-point circle. 
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The Brocard Points and the Brocard Angle. 
By R. F Davis, M.A. 

Figure 6. 

I. Construction for the Brocard points. 

Let ABC be a triangle. Describe a circle touching AB in 
A and passing through C ; draw the chord AP parallel to BC. 
Join BP meeting this circle in 12. 

Join A12, CI2. 

Then lHAB^ lQCA, 

- ^fiPA 

= L I2BC. 
Similarly for 12'. 

II. Characteristic property of the Brocard angle. 
Draw AX, PR perpendicular to BC. 

Since AP, CQ are parallel chords, 
the triangles ACX, PQR are congruent by symmetry ; 
therefore AX = PR, CX = QIl. 

Now BR = BX + CX + CR 

=BX+CX+QX; 

therefore, dividing each of the terms by the equals AX or PR, 
coto) = cotB + cote + cot AQC 
= cotB + cote + cotA. 



On the Solitary Permanent Wave : A continuation. 
By J. M'CowAN, M.A., D.Sc. 
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Second Meeting, December lith, 1894. 



Jonx M'CowAif, Esq., M.A., D.Sc, President, in the Chair. 



Parabolic Note: Co-Normal Points. 
By R. Tucker, M.A. 

1. If the coordinates of a point on a parabola, 

y^ - 4:ax = 0, 

be (am\ 2am), in which I call m the parameter, then the equations 
to the tangent and normal at the point are 

aj-my + am^ = ... ... (i.) 

and 7nx + y'-a(m^ + 2m)^0 (ii.), 

and to the chord through {m), (tu') is 

y(m + m*)-2x-2amm! = (iii.). 

If we write (ii.) in the form 

am' + (2rt-x)m-i/ = ... ... (iv.), 

we see that from a given point (.r, y) we can draw three normals to 
the curve with the condition 

2w = 0. 

Let O be the point (aj, y), and P(wii), Q^m^), ^(ws) the corre- 
sponding points on the parabola : then I call these latter co-normal 
points, and the circle through them a co-^wrmal circle. 

2. We have Si = 2m = 0, 

So = 2m^ = - 22wiW2, 
S3 = Smiiy^jWj = 3/A, 

also m^-m^m^ — m^ + m^m^ + m^ = ' • . = 82/2. 

3. In the case when P, Q, R are any three points on the curve 
the circle PQR is 

a2 4.2/2-aa:[S2 + 2miW2 + 4] + a2/[Si._2miWi2-/Jt]/2-aVSi = ... (i.) 

and the tangent-circle pqr is 

a^ + 'f-aa^l^- ^rn^m^ - ay[Si - ft] + a^^2mTm2 = 0, ... (ii.) 
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If the points are co-normal points, then these equations take the 

form 

a:« + y«-ax(Sa + 8)/2-.ay/A/2 = 0, (iii) 

a^ + y« + aa<S,-2)/2 + ay/it-a%/2 = (iv.). 

4. The co-ordinates of p (§ 3) for co-normal points, are 

5. Through P, Q, R draw parallels to 

(i.) the tangents at Q, R, P; 

(ii.) » R, P,Q; 

and let P„ Q^ R, ; P,, Q^, R, be the points where the sets 
(i.), (ii.) respectively meet the parabola (C.P. §19). If PP„ QQp 
meet in R,., and in like manner for the other pairs, then R^ is 
given by a(m^ + m^ -- rn^m^^ -am^. (C.P. §24.) 

Then the area of P^Q^R, 

1 11 

S2/2 - 2W2W3 S2/2 - 2m^7ni S2/2 - ^rn^rn^ 
nil ^2 ^3 

and the equation to the circle is 

jB^ + 2/' + (1 - 4S2)aa;/2 -f iiuiy + Z{S^^ - S^)a^l4: = 0. 

Again, since the coordinates of midpoint of Q,Rr are 
^(Sa/a-Hmi^), ami/2, 

the N.P. circle of the triangle is given by 

a^ + y"" (6S2 -f l)aa;/4 - 2fmy + (483* + S^)ayS = 0. 

6. If we draw Pri, Qr^ parallel to the normals at Q, P, since 
Pri is given by 

y + nhfc = 2ami + amim^ 

* The first four articles in the text are taken from my paper, entitled Som€ 
Properties of Co-normtU Points on a Parabola {Proceedings of London MathenuUieaZ 
Society, vol. xxi., pp. 442-451. Subsequent references are to the sections of this 
paper, (7.P. 



= +^ 



= area of 
APQR; 
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we see that r^ is given by 

-a{2 + mjm2), -a{2ms + fi), 

1 1 1 

2 + 7^2*^3 2 + morWj 2 + m^m^ 
fx + 2mi fx + 2m2 /x + 2ni^ 

and since jt?i5', = PQ, the triangles are congruent. 



hence £^Piq^r^= ± Ja^ 



= APQR; 



The equation to Ar^ is y = m^, 
hence Ari and the normal at R make equal angles with the axis. 

The circle PiqiTi is given by 

a^ + 3^2 _ (8 - 8^2)ax + 5afxyl2 + 3aV " ^^2 + 8)/2 = ; 
and the N.P. circle is given by 

o^ + 2/2 + (2 - S,/^)ax + 7afiy/4: - aH2S^ - 3ix^)l4: = 0. 

7. The equations to PP^, QQ, (§6) are 

niiX - mgWigi/ = ami(m^ - 2m2m2), 
m^ - Wgmiy = amjim^ - 2m^m^\ 

hence they intersect in r^, on the ordinate of R, given by 

Similarly for the analogous points /?2> ^^r 
Hence ^p^^n = J APQR. 

The circle p^^r^ is given by 

a' + y'-(S2+l)aa5 + (/^ + S2V4/*)ay + a2(4S2 + S2«)/4 = 0. ... (i.) 

The points p^^^ lie on the rectangular hyperbola 

xy= -^ (ii.) 

which cuts (i.) again in (a, - a/Li). 

The equation to the perpendicular from r^ on p^^ is 
m^ + m^m^ = am^mj^m^ - 1), 
hence the orthocentre of PaS'a^Q is ( - a, a/*). 
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This point is on (ii ) and coincides with the arthocentre of pqr 
(C.P. §13). 

The N.P. circle of pj/^^z '^ ^^^ co-normal circle 

x'^f + nH 1 - S,); 2 + ay(^.^ - V)/^/* = 0. 

The radical axis of this circle and of PQR is 
36/x«x + S,V = 0. 

The tangent from the focus to (L) is aS«/2. 

The equation to pp^. is I 

hence pp^ qq^t tT^ are parallel. 
Also the equation to p.jq^ is 

i.e., the line is parallel to Rr. 

The points p, q, r lie on the hyperbola (ii.) : hence we see 
otherwise that the orthocentres of pqr^ V^^i coincide, and that 
the two circles cut the Latus Rectum in the same point (a, - a/x), 
the join of which with the common orthocentre is a diameter of the 
hyperbola. 

8. The orthocentre of p^q^x (§6) being (2a,-afi/2) is on the 
hyperbola (§7, ii.). See C.P. §12. 

From §11 of C.P. we see that the centre of perspective of the 
triangles PQR, pqr, viz. (aSa/G, - Ga/t/So) is also on the same 
curve. 

9. If the sides QR, RP, PQ produced cut the diameters through 
P, Q, R in L, M, N these points are given by 

L, [a(7»i* + wi5W8), 2ami], etc.; 

hence ALMN = 2APQR. 

The circle LMN has for. its equation 

a^ + y^^2ax- 2afiy - a%S^^ + 4S2)/4 = 0. 
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The orthocentre of LMN is 

a(S2-4)/2, -2a/t. 

If n is the midpoiat of LM, it is given by 

( — ain^mzi — am^) 

and therefore it and the analogous points Z, in, lie on the rectangular 
hyperbola x]/ = fia^. ... ... ... ... (i.) 

From the above we see that pi, qm, rn are diameters of the 
parabola, and Im, pq \ mn, qr ; nl, rp ; intersect on the tangent at 
the vertex and are isoclinals to it. 

The equation to the circle Jmn is 

x^ + f + ax{2 - 8^)12 + afiy - a'SJ2 = ; 
and it is therefore §3 (iv.) equal to the circle pqr. 

The perpendiculars from I, m, n on QR, RP, PQ respectively 
meet in (2a, aix/2), which is on (i.) ; and the perpendiculars from 
P, Q, R on mn, nl, Im meet in [^(Sa - 4)/2, - o/a], i.e, O' of 
C.P. §15. 

10. If the join of P to the midpoint of QR cuts the parabola 
in joj, the parameter of this point is - Sa/Smi, hence the corre- 
sponding tangent circle of the triangle p^qar^ is given by 

oc^ + y^-ax- ay^%d + 2S2)/54/x = 0. 
The vertices of this tangent triangle are 

so that its centroid is (0, - ^2^ I IS fi) ; 
and its orthocentre (-cl, 7aS2754/x). 

11. Through P, Q, R draw lines parallel to QR, RP, PQ 
respectively, these lines meet the parabola in the co-normal points, 
whose parameters are - 2mi, - 2m2, - 2m3 ; and the lines cut one 
another in 

( - 2awi,wij, - 4ami), ( - 2am^m^, - 4:am^, ( - 2am^m^, - 4am,). 
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Tcake the images of these points in the vertex, viz (2fi??iim.„ 4rt?//j), 
etc., and we find its circumcircle to be given by 

X- ^- 2/^ _ (8 - ^^)ax - afxy - ^S.ja^ = 0, 
the centre of which is tlie ortliocentre of PQR (C.P. § 13.) 

12. The lines QR, AP cut in j)„{- aui.^mj'2^ -am^m^/m^), 
RP, AQ in q^, and PQ, AR in 7\ ; hence Paqj\i which is the 
central triangle of the quadrilateral APQR, 

= |APQR. 
The circle jya^n^a has for its equation 

X- + ?/=^ + lax + ay{'^,^lii')IAfi + a%/2 = 0. 

The equation to p^qa is 

m^m^ + 2mj>.T = + afi. 

13. If (cf. C.P. §29) we draw lines from P, Q, R through the 
point, x = ka on the axis to cut the curve in T/, Tj', Tg', then as 
T/ is given by ( - kjni^ the equation to the tangent-circle for 
T/Ta'Tg' will differ from that to the tangent-circle for TiT.Tj only 
in the sign of k, i.e., it will be 

x'^f-ax-- ay{k . Sa + 2Ar')/2/Lt = 0. 

14. If through p, g, r we draw the corresponding diameters, 
the vertices of these diameters are co-normal points, viz., 

(am,74, -awj), etc., 

and the co-normal circle through the vertices is 

x^ + y^- ax{S^ 4- 32)/8 -i- ayfx/U = 0. 

15. Parallels through p to QR and through q parallel to 
RP intersect on the diameter through r. 

16. Parallels through P to AQ, AR, meet the parabola in points 
whose parameters are 

(mg - mi), (ma - m^), 

hence we get two sets of co-normal points. 
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The equations to the co-normal circles are 

.X'-' + f - a.x'(3S2 + 8)/2 + ayk/2 = 0, 
where A: = m^ - 7^1 . m^ - w, . w, - mg. 

17. Tlie median of PQR which passes through P cuts the 
parabola in the point whose parameter is ( - Sg/Swi), hence the cor- 
responding tangent-circle has for its equation 

aj2 + y2 _ aa; _ ayH,%d + 2B^)/5ifi = 0. 

18. If in § 12 g„, r„ are outside the curve, then the midpoints 
of QR, AP, g„r„ are given by 

a(w2^ + mo^)/2, -am^'y am^^/2, ani^; am-l-jA, -am^{m.?-\-m^)!2m.irn.;i] 
hence the central axis of APQR is 

19. The poles of the co-normal chords are 

- a(m^ -I- 2), - 2a/mi ; - a(m^ -|- 2), - 2a/w., ; - a(ri\^ -h 2), ~ 2alm.^. 

These poles lie upon the line 

/Li2/-2.x- = «(S2-h4). (cf. C.P. §17.) 

The diameters through the poles meet the curve in 
ajm^y - 2alm^ ; etc. ; 

hence the circle through the vertices of these diameters is 

a^-^-y""- ax(So^ -H 4/x2) //x^ + ay/2/x + a'^oJ2fi' = ; 

and the corresponding tangent-circle is 

a^ + y^'-ax- ay(^^ + 2)/2fi = 0. 

The sides of this last triangle are 

niriy - 2m2myX = 2a, etc. , 

. •. the perpendiculars are 

nij^x -\- 2fiy = a{l - im^rri^, etc. , 

whence the orthocentre is 

[-4a, a(l-H2S,)/24 
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Geometrical Problem. 

By G. E. Crawford, M A. 

Figure 24. 

Let OQ, OR be two straight lines meeting at O, and P any 
point. Required to draw through P a straight line cutting off a 
given area OAB from the two straight lines. 

Draw PD parallel to OR cutting OQ in D. 

Construct a AOPC equal to the given area, and such that OP 
is one of its sides, and that another of its sides, OC, lies along OQ. 

Take OE a mean proportional to OC, OD. 

Draw OF perpendicular to OC and equal to half of it. 

Join EF, and cut off FG = OF. 

Take O A = EG. Then PAB is the required straight line. 

Proof : 

Sqs. on OE, OF = sq. on EF 

= sqs. on EG, GF, + 2 rect. EG . GF 
sq. on OE = sq. on EG + 2 rect. EG . GF 

= sq. on OA + rect. OA . OC (since 0C = 2GF) 
.-. rect. OC . OD = sq. on OA + rect. OA . OC 

rect. OC . (0A+ AD) = sq. on OA + rect. OA . OC 
.-. rect. OC . O A + OC . DA = sq. on OA + rect. OA . 00 
sq. on OA = rect. OC . DA 
OC:DA::OA«:DA^ 
AOPC : ADPA :: AOAB : ADAP 
AOAB = AOPC = given area. 



Colour-sensation and Oolour-blindness, with Experiments. 
By Wm. Peddie, D.Sc 
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Third Meeting^ January Wth^ 1895. 



Wm. Peddie, Esq , D.Sc, F.R.S.E., Vice-President, in the Chair. 



Properties connected with the Angular Bisectors of a 
Triangle. 

By J. S. Mackay, M.A., LL.D. 
Notation. 

When points and lines are not specifically designated in the 
course of the following pages it will be understood that the notation 
for them is that recommended in the Proceedings of the Edinburgh 
Mathematical Society, Vol. I. pp. 6-11 (1894). It may be con- 
venient to repeat all that is necessary for the present purpose. 

A' B' C = mid points of the sides BC CA AB 

D E F = points of contact of sides with incircle 

Dj Ej Fi= „ „ „ „ „ „ first excircle. 
And so on. 

H = orthocentre of ABC 

I =incentreof ABC 

Ij la I3 = 1st 2nd 3rd excentres of ABC 

L M N =feet of interior angular bisectors of ABC 

L' M' N'= „ „ exterior „ „ „ „ 

O = circumcentre of ABC 

U U' = ends of that diameter of the circumcircle which is 
perpendicular to BC. U is on the opposite side 
of BC from A. 

Similarly for V V and WW, 

X Y Z = feet of the perpendiculars from ABC. 
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The yarious points 

KK', PF, QQ', SS', TT 
are defined as they occur. 
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§1- 

Tf from either end of the base of a triangle a perpendicular be 
drawn to the bisector of the interior or exterior vertical angle, the 
distance of the foot of this perpendicular from the mid point of the 
base is equal to half the difference or half the sum of the sides of 
the triangle.* 

Figure 7. 

Let BP BP', the perpendiculars from B on AL AL', the 
interior and the exterior bisectors of l A, meet AC in Bi Bj. 

* Compare Leybourn's Mathematical Repository, old series, I. 284 (1709), 
II. 24 (1801). 
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Then BP=B,P BF=B2F 

and CBi = AC-AB CB,= AC + AB. 

Now since P P' are the mid points of BBi BBg and A' the 
mid point of BC, 

therefore AT = JOB, A'F = JOB, 

= i( AC - AB) = i( AC + AB) 

Similarly if Q Q' be the feet of the perpendiculars from C on 
AL AL', 

A'Q = i ( AC - AB) A'Q' = ^ ( AC + AB). 

It is not easy to assign authorities to the properties given in the following 
pages. Some of these properties occur incidentally in the solutions of problems on 
the construction of triangles, and are there spoken of, or assumed without being 
spoken of, as well known theorems. A large collection of them will be found in 
four articles entitled "Useful Propositions in Geometry" by M. A. Harrison, 
which appeared in Leyboum's Mathematical Repository^ old series, I. 283-5, 367-9, 
II. 23-5, 234-7 (1799-1801). In these articles no mention is made of properties con- 
nected with the bisector of the exterior vertical angle. 

It has been conjectured that "M. A. Harrison" is a ])seudonym, adopted 
either by J. H. Swale or John Lowry. 

(1) L ABBi = ABiB = BAL' = B,AL' = AFA' = AQ'A' 

= i(B + C) 
^CBBi = BL'A = |(B-C) 

(2) ATP' is a straight line parallel to AC. Hence P F are 
situated on C'A' one of the sides of the triangle A'B'C, which is 
complementary to ABC. 

Similarly, if from B perpendiculars be drawn to the bisectors of 
the interior and exterior angles at C, the feet of these perpendiculars 
will also be situated* on C'A'. 

(3) If perpendiculars be drawn from each vertex of a triangle to 
the interior and the exterior bisectors of the angles at the other ver- 
tices, the twelve points of intersection thus obtained will range, four 

* Arthur Lascases in the Nouvelles AnnaleSy XVIII. 171 (1859). 
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and four, on three straight lines, which by their mutual intersections 
will form the triangle complementary to the given triangle. * 

The proof of this is obvious enough from what precedes ; but the 
following demonstration will be found interesting. 

Figure 8. 

Let ABC be a triangle, I Ij Tg I.-, the incentre and the ex- 
centres. 

The four lines I2B I3T1 I3C Tjlg are the interior and the exterior 
bisectors of the angles B and C. Now tliese four lines, taken three 
and three, form the four triangles 

IJiC IJC LTjB I3TB 

Hence, by a theorem due to Wallace,! ^^^' circunicircles of these 
four triangles all pass through the same point A ; and by one of 
Steiner's theorems J the feet of the perpendiculars let fall from A 
on the four straight lines are collinear. 

Let Aj A2 A., A4 be the feet of the perpendiculars. 
Then AAjBAj is a rectangle ; 

therefore A^Ag passes through C the mid point of AB. 
Similarly A^A^ „ „ B' „ „ „ „ AC ; 

therefore the straight line AiA2A3A4 bisects AB and AC. 

(4) AjjA^ — b , A^A.j — c , A-jAj = s 

(5) The four points Ai A2 A^ A4 lie, two and two, on the 
circumferences of the six circles which have for diameters the 
distances of A from I Tj Ij I3 B C. 

(6) If the circles be denoted by their diameters, the circles 
AI AIj touch each other at A, and have I2I3 for common tan- 
gent ; they also touch the circle llj the former at I and the latter 
at Ii. 



* T. T. Wilkinson in the Lady's and Gtrttleman's Diiiry for 1862, p. 74. The 
demonstration given is also due to him, as well as part of (4). See the Diary lot 
1863, pp. 54-5. 

t Leyboum's MaAhenmtical Repository, new series, Vol. I., p. 22 of the 
Questions (1804). 

X Gergonne's AnrKUcn XVIII. 302(1828) or Steiner's GcaamncUe Werkc, I. 223 
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The circles AI2 AI3 touch each other at A, and have AI^ 
for common tangent ; they also touch the circle I2 13 the former at 
I2 and the latter at I3. 

(7) The radical axis of the circles 

AB AI AI2 is AAi 

AB AI3 All „ AA2 • 

AC AI AI3 „ AA3 

AC All AI2 „ AA, 

(8) AP : AL = J(AC + AB) : AC 
AQ : AL = J(AC + AB) : AB 

Figure 9. 

Since PA' is parallel to AC, 
therefore triangles ACL PA'L are similar ; 
therefore AL : PL = AC : PA' 

= AC:J(AC-AB) 
therefore A L - PL : AL = ^ ( AC + AB) : AC 

(9) AF : AL' = i(AC - AB) : AC 
AQ' : AL' = J(AC - AB) : AB 

(10) P Q : AL = x\C^ - AB^ : 2AC • AB 
P'Q' : AL' = AC^ - AB^ : 2 AC • AB 

Figure 9. 

Since triangles ACL PA'L are similar 
therefore PL : AL = PA' : AC 

= J(AC-AB):AC 

Since triangles ABL QA'L are similar 
therefore QL : AL = Q A' : AB 

= |(AC-AB):AB 
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PL + Q L AC-AB AC-AB 
AL 2AC "^ 2AB 

AC • AB - AB- A(7 - AC • AB 
2ACAB "^ 2ACAB 

AC^-AB^ 



2AC AB 



(11)* ABC-AQBP=APCQ 

= AQ'BF = AFCQ' 

For triangles AXL, BPL are similar 
therefore AX : BP = AL : BL 

= QL : A'L 

= AQ : BA' 
therefore AQ • BP = AX • B A' 

= ABC 

The last two expressions for ABC may be derived from the 
first two, since 

AP = BF AQ = CQ' BP = AF CQ=AQ'. 

(12) The values of the following angles may be registered for 
reference : 

ABP=ACQ =90°-^A 
BDF = BFD = BD2F2 = BF.D, = 90' - JB 
CDE = CED = CD3E, = CE3D, = 90° - iC 

ABF = ACQ' = |A 
BD,F, = BF,D, = BD3F3 = BF3D3 = JB 
CDiEi = CEjDi = CD A = CE0D2 = JC 

In triangles BDP CQD 

PBD = J(B - C), BDP = 90° + JC, DPB = 90° - |B 
= DCQ =CQD =QDC 

* Part of (11) is given in Hind's Trvjonometry, 4th ed., p. 304 (1841). 
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In triangles BD^P CQDi 

PBD, = |(B - C), BD^P - |C, DiPB = 180* - ^B 

In triangles BDa?' CQ'Da 

FBD2 = iA + B, BD2F = JC, D2FB = 90°-|B 

In triangles BDgF CQ'D^ 

P'BDa = i A + C, BD3F = 90° - JC, D3FB = JB 

AEP = AFP = AQEi= AQFi= 90° + ^C 
APE = APF = AEiQ = AFiQ = ^B 

A E,F = A F^P' = A Q'E^ = A QT, = ^C 
AFE3= AFF2= AE3Q'= AF3Q'= JB 

(13)* APAQ = BFCQ' = s5i 

BPCQ = AFAQ' = V3 

The similar triangles AEP AQEj give 
AE:AP = AQ:AEi 
therefore AP • AQ = AE • AEi 

and AP-BF AQ = CQ'. 

The other equalities may be derived from the similar triangles 
BDP CQD, and the fact that 

BP = AF CQ = AQ'. 

(14) AP • AQ • BP • CQ = AF • AQ' • BF • CQ' 

= A2 



* (13) Half of this is griven in Hind's Trvjonometrii, 4th ed., p. 304 (1841). 
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(15) Let D, Di, Djj, D3 be the points where the incircles and 
the excircles touch BC. 

Figure 9. 

Tt is known that 

A'D = A'D, = ^(AC - AB), A'D, = A'D, = i( AC + AB) ; 

hence D D, P Q He on a circle with centre A' 
and D., D, F Q' 



)» ji J) )j >> >> i> 



(16) The incircle and lirst excircle of ABC cut the circle 
DPDjQ orthogonally, and the second and third excircles cut 
D^Q'FDa orthogonally. 

For D Di is perpendicular to I D and IjDi ; 
and D2D3 „ „ „ IgDo „ IjDj, . 

(17) lPIQ = rS r,P. IiQ = r,2 
T,Fl2Q'=r2% I,FT,Q'=r;r 

(18) If I 1*1 be considered as one pair of a system of coaxal 
circles, then P Q are the limiting points of the system ; and 
P' Q' are the limiting points of the coaxal system of which I.^ T3 
form one pair. 

For DDj is a common tangent to the circles I Ij, and A' is 
its mid point ; therefore the radical axis of I Ii passes through A'. 

Now since the circle whose diameter is DDj has its centre at 
A' and cuts I Ij orthogonally, therefore it passes through the 
limiting points of the system I Ti ; and the limiting points of the 
system I I, are situated on the line IIi. 

(19) APBF is a rectangle, and PP' bisects AB. Hence if 
AX be perpendicular to BC, the circle on AB as diameter 
passes through* P P' X. 

Similarly the circle on AC as diameter* passes through 
Q Q' X. 



* W, H. Levy in the Lady^i and, Oentlenian's Diary for 1856, p. 49. 
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(20) Triangles XPQ, XFQ' are inversely similar* to ABC. 

Figure 9. 

Since A P B X are concyclic 
therefore l APX = l ABX 

therefore ^ X PQ = z. ABC 

Since A C Q X are concyclic 
therefore l AQX = z. ACX 

therefore triangle XPQ is similar to ABC 

In like manner XP'Q' is similar to ABC 

(21) The directly similar triangles XPQ XFQ' have their 
homologous sides mutually perpendicular. 

(22) The incentre and the excentres of triangles XPQ XP'Q' 
are situated on BX and AX. 

Since A P B X are concyclic 
therefore l. BXP = l BAP = \k 

Since A C Q X are concyclic 
therefore l CXQ = l C AQ = \K 

therefore BX bisects Z.PXQ 

therefore BX contains the incentre and one excentre of XPQ. 

Now AX is perpendicular to BX 

therefore AX contains the other excentres. 

In like manner it may be proved that AX contains the incentre 
and one excentre of triangle XP'Q', and that BX contains the 
other excentres. 



* W. H. Levy in the Lady's atid OenUemans Diary for 1856, p. 49. The first 
part of the theorem, however, is g^ven in Leyboum's Mathematical Bepository, 
old series, II. 25 (1801). 
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(23) To determine the incentre and the excentres of the triangles 
XPQ XP'Q'. 

Since AX ID are parallel 

therefore AL : TL = XL : DL. 

But in the similar triansfles ABC XPQ 
AL and XL are homologous lines ; 
therefore IL and DL are homologous lines, 
and I D homologous points ; 
therefore D is the incentre of XPQ. 

Since l DPDi is right, Dj is the first excentre. 

The other excentres are the points where DP and DQ inter- 
sect AX. 

In like manner it may be proved that Dg and Dg are the 
third and second excentres of triangle XP'Q' and that the in- 
centre and first excentre are the points where D3Q' and D3P 
intersect AX. 

(24) The circumcircles* of XPQ XFQ' pass through A'. 
Since ^A'XQ=/.CAQ 

- L ATQ 

because AT and OA are parallel ; 
therefore A' P X Q are concyclic. 

In like manner A' Q' P' X are concyclic. 

(25) The diameters* of the circles XPQ XFQ' are respectively 
equal to AU' AU. 

For the diameter of XPQ is the perpendicular drawn from A' 
to PQ and terminated by AX; and this perpendicular along 
with A'U' U'A AX produced forms a parallelogram. 

(26) The diameters of the circles XPQ XP'Q' coincide with 
the radical axes of the circles I Ti and Ig I3. 

* The first parts of (24) and (25) are found in Leyboum's MathematiccU Reposi- 
tory, old series, II. 24, 235 (1801). 
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(27) The circle XPQ cuts orthogonally the system of circles 
I Ii ; and the circle XP'Q' cuts orthogonally the system Ig Tg. 

For the circle XPQ passes through the limiting points P Q 
of the system II, and has its centre on the radical axis of the 
same system. 

(28) The centres of the circles XPQ and XFQ' and the nine- 
point centre of triangle ABC are coUinear. 

For they are situated on the straight line which bisects A'X 
perpendicularly. 

(29) The sum of the areas of the circles XPQ XP'Q' is equal 
to the area of the circle ABC. 

For the areas of circles are proportional to the squares of their 
diameters 

and AU'2 + AU2 = UU'l 

(3p) XPQ 4- XP'Q' = ABC. * 

(31)t ABC : XPQ = UU' : UK 

ABC:XFQ'=UU' :UK 

For ABO:XPQ = UU'^: AU' 

= UU' :U'K 

For another proof see §4, (11). 

(32) XP XF XQ XQ' 

are respectively parallel to 

CU CU' BU BU' 

For ^ XPQ =^ ABC 

= ^AUC. 



* W. H. Levy in the Lady^i and Oentlemcm's Diary for 1855, p. 71. 
t Parts of (28), (29), (30), (31), are found in Leyboum's Mathematical BepoH- 
tory, old series, II. 236, 25 (1801). 
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( 3) The triangles 

A'BP A'CQ A'BF A'CQ' 
are respectively similar to 

QAX PAX Q'AX FAX . 

For AT is parallel to CA ; 
therefore /.BAT = C 

=-AQX; 

and ^BPA' = 90'' + JA 

= L. AXQ. 

Or it may be proved that 

^A'BP= ^QAX 
since the sides of the one are perpendicular to the sides of the other. 

(34) The triangles 

A'UP A'UQ A'U'F AU'Q' 
are respectively similar to 

QCX PBX Q'CX FBX. 

For ^ A'UP =^ QCX 

since the sides of the one are perpendicular to the sides of the other ; 
and z.ATU = JA 

= ^QXC. 

(35) The following triads of points are collinear :* 

P D E; P Di El ; F D^ E^ ; F D, E3 
Q D F ; Q D, F, ; Q' D, F, ; Q' D^ F3. 

♦ W, H. Levy in the Ladjf% and Oentleman's Diary for 1857, p. 51, 
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Figure 10. 

The points B D P I are concyclic ; 
therefore l BDP is the supplement of l BTP. 
Because the isosceles triangles CDE, UBT have 

therefore l CDE = u BIU ; 

therefore l BDP is the supplement of L CDE ; 
therefore DP coincides with DE. 

(36) The following quintets of points are concyclic : 



B D I F P 
B D, I, Fi P 
B Do To F„ F 



C D I E Q 
C Di Ii E, Q 
C D2 T2 E. Q' 



B D3 T., F, P' ; C D3 T, E, Q' 

the diameters of the various circles being 

BI Bfi BI2 BI, 
CI C I, C I2 C I3 

(37) Since C L B L' form a harmonic range, 
and CQ BP AL' are parallel, 

therefore Q L P A form a harmonic range.* 

Figure 9. 
Similarly for Q' A F L'. 

(38) If at L a perpendicular be drawn to AL meeting 
AB AC at P Q, then AP or AQ is a harmonic meanf be- 
tween AB AC. 



* Fuhrmann's Spntheti8c?ie Beweise pkmimetrischer Sdtzej pp. 58-9 (1890). 
t Rev. R. Townsend in Maihematical Questions from the Educational Tinics, 
XIV. 76 (1870). 
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Figure 11. 

If B, be the image of B iu AL, 
then AL bisects l BLB^ ; 
therefore LQ bisects l. CLB, ; 
therefore L(BAB,Q) is a harmonic pencil. 
Now this pencil is cut by the transversal AC ; 
therefore A B, Q C form a harmonic range 
and AQ is the harmonic mean between ABj AC. 

Similarly for L'. 

(39) AU:IU = AB + AC:BC 

Figure 12. 
Draw IP IQ parallel to AB AC. 

The quadrilaterals ABUO IPUQ are similar : 
therefore AU : I U = AB + AC : IP + IQ. 

Now z.UBL= ^UAC= z.UAB=: ^UIP ; 

and UB = UI; 

therefore triangles UBL UIP are congruent, 
and BL = IP. 

Similarly CL = IQ ; 

therefore AU : IU = AB + AC : BL + CL. 



(40) If on A'K as diameter a circle is described, and from O 
the circumcentre of ABO a perpendicular is drawn to A'K meeting 
this circle at P, then* 

AB' + AC2-4PU2. 

* John Whitley in the OenUeman's Mathtinaiical Comftanion for 1803, p. 38. 
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Figure 13. 

The triangle PUU' is isosceles ; 

therefore PA'- = PU- - U A'' • A' U' 

= PU"-A'B'-; 
and PK^ = PU- - UK • KU' 

= PU- - AK^ 

Now AB^ + AC- = 2A'B^ + 2 A'A^ 

= 2A'B2 + 2AK2 + 2A'K2 

= 2 A'B^ + 2AK^- + 2PA'2 + 2PK'^ 

= 4PU2 



;§2. 



If from the mid point of the base of a triangle a perpendicular 
be drawn to the bisector of the interior or exterior vertical angle, 
this perpendicular will cut off from the sides segments equal to half 
the sum* or half the difference of the sides. 

Figure 14. 

Let the perpendiculars from A' to AU AU' meet AC at 
S S', and AB at T T'. 

Draw BBi BB2 parallel to the perpendiculars. 

Because A' is the mid point of B C , 

therefore S ,, ,, ,, ,, ,, BjC . 

Now BiC= AC-AB ; 

therefore CS = ^(AC - AB) ; 

therefore AS = J(AC + AB) . 



* Part of this is found in Leyljoum's Matkeniatical RepoHtory, old series, 
I. 284 (1799). 
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Similarly BT = AT' = AS' = i ( AC - AB) 

and AT = B r - OS' = J(AC + AB) 

(1) ^ATS=:.AST = ^ABBi=:|(B + C) 
L BAT = L C A'S = L CBBi = J(B - C) 

(2) AS* + CS^ = AT^ + BT- = l{h' + c-) 

(3) AS'^ - CS^ --- AT« - BT^ = he 

(4) AS-CS = AT-BT ^^(AC^-AB'^) 

= \{GX' - BX'^) = A'B • AX 

(5) AS:CS = AT:BT =6 + c:6-c 
(G) SS' = AB = c, TT =AC = 6 



Instead of drawing perpendiculars to the two bisectors of the 
vertical angle either from the ends of the two sides or from the mid 
point of the base, if perpendiculars be drawn to the sides from 
certain points in the two bisectors of the vertical angle, values will 
be obtained for half the sum and half the difference of the sides. 

Figure 9. 

From U U' let the perpendiculars US U'S' be drawn to 
AC, and UT UT to AB. 

(7)* AS = AT = CS' = BT' = |(A04-AB) 

For the right-angled triangles UAS UAT are congruent ; 
therefore AS = AT US = UT. 

Hence the right-angled triangles UOS UBT are congruent, 

and CS = BT. 



* Parts of (7) and (8) are found in Leybourn's Mathematical Repository, old 
series, I. 2183-4 (1799). 
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Similarly AS' = AT' CS' = BT'. 

Now ^(AO + AB) = ^{(AS 4- OS ) + (AT - BT )} 

-^ (AS4-AT)= AS=AT ; 

and also = ^{(CS' + AS') + (BT - AT')} 

= ^ (cs' + Br)= cs' = Br . 

(8) OS = BT = AS' = AT' = ^AC - AB) 

For i(AO - AB) = J{(AS + OS ) - (AT - BT )} 

= 1 (OS +BT)= OS =BT ; 

and also = ^{(CS' + AS') - (BT' - AT')} 

= i (AS' + AT')= AS' = AT' . 

(9) ^U'BO = U'OB = U'UB = U'UC 
= U'AS'= U'AT'= AUS = AUT 

= KB + 0) 

(10) ^U'BA = U'CA = U'UA = BUT = OUS 

= |(B-C) 

For half the sum of two magnitudes increased by half their 
difference gives the greater. 

(11) If BP CQ be drawn perpendicular to AU, 

^ABP = l)0°-iA = i-(B + C) . 

But iiAUS =KJS + 0) ; 

therefore BP US intersect* on the circle ABO . 
Similarly CQ UT 



>> )> >j »> 



A like statement holds good for BP' JJ'6\ 
and for CQ' U'T'. 



* Leybourn's McU/ietfuUical Repository, old .series, I. 285 (1799), 
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' meet on the circumcircle at ■ 



C, 

Bo' 



c; 



For 



4US •SB2=4UT 'TCa 
= 4U'S' • S'Ba' = 4U'T' • T'Ca' = AC^ - AB^ 

US •SB2= AS -SC 

= J(AC + AB)-i(AC-AB) 



(13) Thei incentre I of ABC is situated on AU. 
If with centre U and radius UI a circle be described, it will 
pass through B and C and will cut AC AB again at Bj Cj 
such that BiS = CS 0,T = BT . 

Hence B^C = BOj = AC - AB ; 

and B P Bi are collinear, and so are Q Cj . 



(14) 



U'B,-UB,' = AB, = AB 

u'C2=ua; = ACi=AC 



(15) B.2 B./ are symmetrically situated with respect to O, 
and so are i\ Cj,' 

(16) By reference to § 1, (12) it will be seen that 

^AEP = AQEi ; 
hence E Ej P Q are concycHc. 

Similarly F F^ P Q „ 

The diameters of these two circles are EEj FFj, and their 
centres are S T . 



(17) In like manner Eg E^ P' Q' are con cyclic, 
and also ¥^ F^ P' Q' „ „ 

The diameters of these two circles are E2E3 F2F3, and their 
centres are S' T' . 



Leybourn's Mathcvuitical Bepoaitory^ old jieries, I. 368 (1799). 
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(18) All the four circles are equal to each other, and their 
diameters are equal to BC. 

The first two cut the circles I Ii orthogonally, 
and the second „ ,, ,, „ Ig I.{ ,, 

Compare §1, (16). 

§3. 

To find values for the rectangles contained by various segments 
of the base BC. 

Figure 9. 

The values of the segments here given will be found useful in the 
verification of properties (1)-(12). 

2a 2a •2a 

A'D=A'D. = ^ 

A'D, = A'D, = -^ 



b+c b-c 



b + c 

a{b-c) a{h + c) 

b-{-c b + c 

— c b-c 

^ a /"a 

a a 

^ ^ ^ 288,(b - c) ^,^ ^ 2^3(6 + 0) 

a{b + c) a(b - c) 
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(1) A'X-A'L = A'I>' = A'D,^ = J(6-c)^ 
Because A C Q X are concyclic 

therefore l A'XQ = | A = ^ A'QL ; 

therefore triangles A'XQ A'QL are similar ; 

therefore A'X : A'Q = A'Q : A'L ) 

therefore A'X • A'L = A'Q'* 

= A'D2 

(2) A'X • A'L' = MD^ = MDi = \{h + cf 

This follows, in a manner analogous to the preceding, from the 
similarity of triangles A'XQ' A'Q'L'. 

The following method may be used for proving (1) and (2). 

Since the points A 1 L T^ form a harmonic range, 
therefore their projections on BC will form a harmonic range ; 
that is, X D L Di is a harmonic range. 
Hence, since DDj is bisected at A', 

A'XA'L = A'D2 = A'Dr. 

Similarly, since T^ A I3 L' form a harmonic range, so also 
will D2 X D3 U. 
Hence, since DgD^ is bisected at A', 

A'X • A'L' = A'D.;^ - A'Dr. 



(3) 
For 


A'X 
A'X 


LX = DXDiX^ ■ .^ ' 

•LX = A'X^ -A'XA'L 
= A'X»-A'D* 
= DX • D,X 


(4) 


A'X 


L'X-D,X-D,X=*^'<^+'')' 


For 


A'X- 


•L'X = A'X.A'L'-A'X^ 
= A'D/ -A'X» 
= D,X • D^X 
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For 



A'XLD = A'DDX = 



2a 



A'X • LD = A'X • AD - A'X • A'L 
= A'X-A'D-A'D» 
= A'D • DX 



(6) 


A'X 


•LD,_ A'DrDiX-'^g'"^' 


For 


A'X 


• LD, = A'X • A'D, + A'X • A'L 
= A'X-A'D, + A'D,'^ 
= A'D,-D,X 


(7) 


A'X' 


■L'D,= A'D,-D^=*»(^ + '')' 
2(Z 


For 


A'X- 


L'Dj = A'X - A'L' + A'X • A'Dj 
= A'D," + A'X -A'D, 
= A'D, - D,X 


(8) 


A'X- 


L'D3-A'D,-D,X=*"<^2r^^ 


For 


AX- 


L'Ds = A' X • A'L' - A'X • A'D, 
= A'Da" - A'X • A'D; 
= A'D.-DaX 


(9) 


A'L 


'^-^^■^-•-'f^ 


For 


A'L 


1 LX= A'LA'X-A'L^ 
= A'D^ -A'L- 
= DLLDi 


(10) 


A'L' 


^L'X = D,L-UD3=.^^f-^;^^ 


For 


A'L'' 


L'X = A'L'2-A'L'A'X 
= A'L'2-A'D;- 
= D,L' • L'D, 
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(11) DXDiX = BD-DC-BXXC 

For BD • DC - BX • XO = ( A'B^ - A'D'^) - (A'B^ - AX-) 

= A'X*^ - A'D' 
= DXD,X 

(12) DgX • D3X = BD. • D2C + BX • XC 

For BD2 • D^C - BX • XC = (A'D^^ - A'C^) + (A'C- - A'X^) 

= D,X • D3X 



In Mathematical Questioru from the Educational Times, XIII. 34 (1870), 
T. T. Wilkinson says regarding (1) : 

" This is one of the properties of Halley's diagram, which was partially dis- 
cussed in the four numbers of the Student, published at LiveriMX>l from 1797 to 
1800. It there forms Prop. 8, and is due to Non Sihi, a name assumed by the first 
editor, Mr John Knowles. In the diagram as there considered, the properties of 
one aide only are given ; but when all the sides are considered, there seems to be 
no limit to the relations between the different parts of the figure. Some time ago 
I considered the * angular properties ' only ; and after writing down about 130- of 
them, they seemed to arise more abundantly than ever." 

Halley's diagram somewhat resembles Figure 15, and it obtained that name, 
among the non-academic geometers of England, from the statement of W. Jones 
in his Sifnopsis Palmariorum MatheseoSf p. 245 (1706), that he received it "from 
the learned Mr Halley." Jones says that an endless variety of useful theorems 
may be deduced from it, and that by inspection only. 

The property (1), however, is older than the Student ; for it is spoken of as a 
well-known theorem in the Ladies' Diary for 1785. 

(3) and (7) occur in M'Dowell's Exercises on Euclid, §154 (1863) ; (9) and (11) 
are found in Leyboum's Mathematical Repository, old series, I. 369 (1799). 
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§4. 



To find values for the rectangles contained by various segments 
of the diameter UU'. 

Figure 15. 

(1) A'U • UK' = A'X • A'L = l{b - c) 

From the similar triangles UA'L AKU' 
A'L:A'U = KTJ':KA 

that is, A'L : A' U = UK' : A'X 

(2) A'U' • U'K' = A'X • A'L' = l{b + cf 

From the similar triangles UA'L' AKU 
A'L':A'U' = KU : KA 
that is, A'L' : A'U' = UK' : A'X 



(3) 


A'KKU' = A'XLX 


For . 


A'XLX.-DXD,X 




= A'X=-A'D'^ 




= K A- - AD" 




= UK-KU'-A'U-KU' 




= A'K • KU' 


(4) 


A'K-Kg = A'X-L'X 


For 


A'XL'X = D,XD,X 


, 


= A'Dj- - A'X^ 




= A'Dj^ - KA" 




= A'U'-U'K'-UK-KU' 




= A'KKU 
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(5) A'KA'U = BDDC 

For BD • DC = A'C? - A'D» 

= A'UA'U'-A'UUK' 
= A'K-A'U 

(6) A'K-A'U' = BD,-D,C 
For BDj • DjC = A'D,» - A'(P 

=a'U'U'k:'-a'ua'U' 

= A'K • A'U' 



(7) 


A'KA'K' = BXXC 


For 


BXXC=AXXR 




= A'K -A'K' 


(8)* 


A'U • UK = US" 


For 


US« = CU''-CS'' 




= A'UUU'-A'UUK 




= A'U-U'K' 




= A'UUK 



(9) U'KID = A'DDX 

Since ID IL are respectively perpendicular to AK AU', 
therefore the right-angled triangles AKU' IDL are similar ; 

therefore U'K : AK = LD : ID 

therefore U'K • ID = AK • LD 

= A'XLD 

= A'DDX 

(10)t UK • IiDi = A'Di • DjX 

The proof of this is similar to the preceding. 

* For (1), (2), (3), (5), (8) see Leybourn's Mathematical Repository^ old series, 
I. 285, 368, 367, 369, 368 (1799). 

t (9) and (10) are given by T. T. Wilkinson in MathematicaZ Questions from the 
Educational Times, XXIV. 28 (1875). 
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ABC : XPQ = UU':U'K 
ABC: XFQ'=UU':UK 

Figure 9. 



Draw A'X' perpendicular to PQ ; 
then X' is the mid point of PQ. 

Because /. UCA' = ^A= l ATX', 

therefore the right-angled triangles UA'O A'X'P are similar ; 



therefore 


A'C 


X'P^=UC'':A'F. 




But 


ABC 


•XPQ = BC«:PQ^ 








= A'C»:X'F 


J 


therefore 


ABC 


:XPQ = TJO':A'F 








= A'UUTJ': 


A'U • UK- 






= UU' : 


UK' 






= UTJ' : 


U'K 



For another proof see § 1, (28). 

In a similar manner it may be shown that 
ABC:XFQ' = UU':UK. 

(12) Because U'K + UK = UU' 
another proof is obtained of the theorem that 

ABO = XPQ + XFQ' 

(13) If the base BO and the vertical angle A be given, and 
if in AU AU' the bisectors of the interior and exterior angles at 
A, there be taken AP equal to half the sum, and AQ equal 
to half the difference of the sides, the loci of P and Q are two 
circles. If their radii be denoted by r' r" and the radius of the 
circle inscribed in CUU' by r"\ then 

R = r' + r" + r'" 

Mr G. Robinson, jun., Hexham, in the Lady's and Gentleman*8 Diary for 
1862, p. 74. Two solutions will be found in the Diary for 1863, pp. 49-50. 
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If through A' a perpendicular is drawn to BC, then 
A\) AD, ATK AD;, will intersect this perpendicular at 
II, R R, R2 such that* 

A'R = /- A'Ri = /-, A'Ra^r. A'R3=r5 
Figure 16. 

Let DI produced meet AD, at D'. 

Since the line joining the extremities of two parallel and similarly 
directed radii cf two circles passes through their external homothetic 
centre ; and since A is the external homothetic centre of the 
circles I, and I, and I,D, ID' are parallel; therefore ID' 
is a radius of the incircle I, and DD* = 27'. 

Now since A'D=A'D„ and A'R is parallel to DD', 
therefore A' R = A D D' = r. 

Similarly for the other equalities. 

(1) Through B', the mid point of CA, a perpendicular to 
CA is drawn, and this perpendicular is intersected by 

BE BEi BE2 BE3 

in the points Sg S3 S S, ; 

through C, the mid point of AB, a perpendicular to AB is 
drawn, and this perpendicular is intersected by 

CF CFi CF., CF3 

in the points T3 Tg T, T respectively ; then 

B'S = r B'Si = ri B'B^ = r^ B'S.^r^ 
CT = r CTi = r, G'T^ = r^ C'T, = r,. 

* W. H. Levy in the Ladp^s cmd Oentleman*s Diary for 1863, p. 77, and for 
1864, pp. 54-5. 
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(2) The four triangles RST RjSJ, R^S^T., R,S,T, are in- 
versely similar to ABC ; they have O, the circumcentre of 
ABC, for their common centre of homology, and 01 OIj OL OL. 
for the diameters of their circumcircles. 

Figure 17. 

Since A'R^ = 7\ = T^D, 

therefore l IjRjA' is right. 
Similarly l IjSjB' and l IiTiC are right ; 
therefore the circle whose diameter is OIj 
passes through R, Sj Tj. 

Since R^ S| O, T, are concyclic, 

therefore i. S.RiT, = 180° - _ S.OTi 

= 180 - L B'OC 

and 1. RiS/r, = ^ RjOTi = B, 

since TjO RjO are respectively perpendicular to AB BC ; 
therefore triangle RiSiTj is similar to ABC. 

(3) Let the mid points of 01 OIi Olg OFg 

be denoted by I' 1/ I^' I3' 

then T/Ig'IgT is an orthic tetrastigm, similar and similarly situ- 
ated to the tetrastigm IiIaTsT, and the radius of the circumcircle 
of any of its four triangles is R. 

For the radius of the circumcircle of any of the four triangles of 
the orthic tetrastigm I1I2I3I is 2R. 



(4) Let AI BI CI meet the circumcircle of ABC in 
U V W, and let the points diametrically opposite to U V W 
be U' V W, 

Then I is the orthocentre of the triangle UVW. Now since 
O is the circumcentre of UVW, therefore I' is the nine-point 
centre of the four triangles of the orthic tetrastigm UVWI. 
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In like manner since 1, is the orthocentre, and O the cir- 
cumcentre of the triangle UV'VV, 1/ is the nine-point centre of 
the four trian|?les of the ortliic tetrastigm UVWIj ; and similarly 

for i; v. 

See Proceedings of the Edinburgh Mathematical Society^ Vol. I., 
l>p. 54-5 (181)4). 



(5) The sum of the circumcircles of the four RST triangles is 
three times the circumcircle of ABC. 

Since circles are proportional to the squares of their diameters, 
the circumcircle of ABC is to the sum of the four RST circles 
as 4R« is to OP + 0r,« + 0^ + 013^. 

Now 2(012) = 4R2 + 2R(r, + r^ + rj - r) 

= 4R2 + 2R-4R 
= 12R«. 



sc 



If UD UD, U'Do U'D, intersect AX at Xo X, X. X3, 

then* XXo = r XXi = ri XX2 = r2 XX3 = r3 

Figure 18. 

Through I draw a parallel to BC meeting UU' in K^ 
and AX in Xo ; join UD DXo- 

Because A'D'^^A'XAX 

therefore A'D : A'X - A'L : A'D 

that is A'D : KoXo = A'L : KoT 

= UA':UKo 

therefore the points U D Xq are coUinear. 



* The first of these properties is given by W. Dixon Hangeley in the GerUlc- 
man^s Diary for 1822, p. 47 ; the first and second (without any hint as to the third 
and fourth) by W. H. Levy in the Lady*8 and Oentleman^s Diary fur 1849, p. 75. 
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Similarly, if through Ij a parallel be drawn to BC meeting 
AX in Xi, it may be proved that U Dj X^ are collinear. 

Through I3 draw a parallel to BC meeting UU' in Kg 
and AX in X3 ; join U'Dg D3X3. 

Because A'D^^ = A'X • A'L' 

therefore A'Dg : A'X = A'L' : A'D, 

that is A'Dy : K3X3 = A'U : K3T3 

= U'A':U'K3; 

therefore the points XJ' D3 Xg are collinear. 
Similarly for the points U' D2 Xg. 

(1) VE V'Ei VE3 V'Eg intersect BY at 

Yo Y, Y, Y3 ; and 

WF WTi W'F^ WF3 intersect CZ at 
Zq Zi Zg Z3 such that 

YYo = r YY, = r, YY, = r, YY3 = r3 
ZZo = r ZZi = ri ZZ^ = r^ ZZ^ = r,,, 



(2) The four triangles XoYoZq X,YiZi XgYgZg X3Y3Z3 are 
inversely similar to ABO ; they have H, the orthocentre of 
ABC, for their common centre of homology, and HI HIi Hlg HI3 
for the diameters of their circumcircles. • 

Figure 19. 

Since XX^ = r^ = IjDi 

therefore l IiXjX is right. 
Similarly l TjYiY and l l^Z^Z are right ; 
therefore the circle whose diameter is HI 
passes through X^ Yj Zj. 
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Since X, Y, H Zj are coDcyclic 
thereiore z. YjXjZ, - 1»0 - ^ YiHZ, 

= A ; 
and L, X,YiZ, = ^ X.HZ, = B, 

since ZjH XjH are respectively perpendicular to AB BC ; 
therefore triangle XiYjZi is similar to ABC. 

{?>) The mid points of HI HIi HI, HI, form an orthic tet- 
rastigm similar and similarly situated to the tetnistigm Ijl,!,!, 
and the radius of the circumcircle of any of its four triangles is R. 

(4) The sum of the circumcireles of the four triangles XgY^Z^ 

is four times the sum of the cireumcireles of the three triangles 

AYZ XBZ XYC. 

It will be seen from a subsequent Section that the values * of 
HP may be written 

HP =4(R--2Rr) + irc + ca + a6-(a^ + 6^ + c^) 
HV = 4(R2 + 2Rri) + 6c-ca-a«^-(a^ + 62 + c2) 
HV = 4(R2+2Rr2)-6c + ca-a«>-(a2 + 62 + c2) 
Hl3^ = 4(R^ + 2R7-3)-6c-ca + a6-(a2 + 62 + c2) 

Hence 2:(HP) = 4( 12R2 - a- - 6^ - c^) 

= 4(HA2 + HB2 + HC^) 

See Proceedings of th/i Edinburgh Mathematical Society^ Vol. I., 
p. 63 (1894). 

The statement that 

HA2 + HB'^ + H(P==12R^-a2-62_c2 
may be proved as follows. 

Figure 20. 



* The value of HI^ is given by William Mawson in the Lady^s arid Gentle- 
nvatCs Diary for 1843, p. 75 ; the other valuer are given by William Rutherford and 
Samuel Bills in the Diary for 1844, p. 52. 
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The triangles CBZ AHZ are similar ; 
therefore BC^ : HA^ = CZ^ : AZ^ ; 

therefore BC^ + H A^ : BC^ = OZ^ + AZ^ : CZ- 

= 0A2 :CZ2; 

Tin'2 . n A 2 
therefore BC^ + HA^ = ,_^ 

-4R2 
by a theorem of Brahmegupta. 

Similarly C A^ + HB^ = AB'^ + HC^ = iW 

For another proof see Feuerbach, Eigensckaften...dcs...DreieckSt Section VI., 
Theorem 2. 



S7. 



If A'l A'li A'lg A'lg intersect AX at 
Xq Xj Xg Xg then"* 

AXo = /* AXi = ri AX2 = r2 AX3 = 7'3 

Figure 21. 

Join CU, and draw the radius of the incircle IE. 

Then ^UCA'=^IAE; 

therefore triangles CUA' AIE are similar ; 
therefore CU:UA' = AI:IE . 

Now OU:UA' = IU:UA' 

= AI :AXo; 
therefore AXg = IE = r 

Similarly AX^ = r-^. 

* The first of these properties occurs incidentally in William Walker's proof of 
a theorem in the GenUemaWs Mathematical Companion for 1803, p. 50. 
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Tf CU' be joined, and IjEj the radius of the third excircle 
be drawn, then triangles CU'A' AI3E3 will be similar, and since 

it may be shown that AX3 = IjEg = r,. 

Corresponding to the four X points situated on AX, there 
will be four Y points, Yo Y, Y, Y„ situated on BY, and 
four Z points, Zq Z^ Z, Z, situated on CZ. 

Some of the properties of this collection of points will be found 
in the Proceedings of ike Edinburgh Mathematical Society^ Vol. I., 
pp. 89-96 (1894). 



§8. 

Figure 23. 

If Uir iiM'diaus A A' BB' CC be intersected by 

tlie radii at the points 

1)1 EI FI I40 M„ No 

I),l, E,i, FJ, L, M, N, 

I),l, KJa FJ, L., M2 N2 

I),l, K,\, FJ, L3 M, N, 



1)1. ^^^-- EM,= 

•J A 
I).jL, ^^^ E,M,== - 

2A 

"C rt — c a + o 

the distances of tlio L points from BO being considered positive 
when L is on tlio sauio side of BC as A, and negative when 



C + ffl 


i! INo = 


a + 6 


2A 
a-c 


F.N,= 


2A 
a-b 


2A 


F.N,= 


2A 
a-b 


2A 


F.N..= 


2A 



* The first throo vftlueH are given hy W. H. Levy in the Lady's cmd Gentle" 
man's Dmry for 1859, p. 51, 
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it is on the opposite side from A. A similar convention holds for 
the M and the N points. 

Figure 22. 

Let AI meet BC at L ; draw LS LT perpendicular to 
AC AB, and AX perpendicular to BC. 



Then 



Now 



A'L:A'D = A'D 


AX 






= I*D 


:AX. 






A'L:A'D = A'D 


-A'L 


A'X- 


-A'D 


= LD 




DX 




= LI 




lA 




= LB 




BA 




= LT 




AX; 





therefore LoD = LT = LS 

Again LS • AC + LT • AB = 2 ABC 
therefore LoD(6 + c) = 2A 

Similarly for the other equalities 



(1) Lo Mo No lie on EF FD DE ; and similarly for 
Li M, Ni 

A proof of this will be found in the Proceedings of the Edinbitrgk ' 
Mathematical Society, Vol. L, pp. 57-8 (1894). 



(2) 



1 1 

- + 



1 



DLo D,Li D2L2 D3L3 



1 



1 



EMo E,Mi E2M2 E3M3 



1 1 1 



FNo F,N, F,N, F3N3 
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(3)* 



1 1 1 

D L», ' E Mo ' F N. ~ 


2 
r 


1 1 1 
D,L, ' E,M, ' F,N, 


2 


1 1 1 
DjLj ' E,M, ' F,N, 


2 


1 1 1 
D3L, ' E,M, ' F,N, ~ 


2 



(4) The diagonals of the following pairs of parallelograms 

DLqDiL, D0L2D3L3 intersect at A' 
EM0E2M, EaMaE^Mi „ „ B' 

FN0F3N3 FjN.F^N^ „ „ C 

(5) The four LMN triangles are homologous, and their centre 
of homology is G the centroid of ABO. 

(6)t A'U : A'U- ILo = A'U : 1^- A'U =6 + c : a 
A'U' : I2L2 + A'U' = A'U' ; I3L3 - A'U' = h-cia 

Figure 23. 

From I U draw IE US perpendicular to AC. 

Then AS = J(6 + c) AE = J(6 + c - a). 

Now A'U :TLo=UA:IA 

= AS : AE 

= 6 + c ih + c-a 'y 

therefore A'U : A'U - TTio = h + c : a 

(7) 2A'U --^TLo + IiLi ' 

2A'U' = l2L2-T,L, 

therefore 4R = I Lq + IjIji + I2L2 - I3L3 

* The first result in (3) is g^ven by W. H. Levy in the Lady's and Oenileman's 
Diary for 1858, p. 71. 

t Of the four proportions in (6) the first is g^ven by John Ryley, Leeds, in the 
GerUleman't Mathematical Companion, for 1802, p. 59. The solution in the text is 
that of J. H. Swale, Liverpool. 
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(8) If through I Ii Tj I3 parallels be drawn to BO, 
meeting UU' in K K^ K, K3, then* 

UK =UKi = US 
U'K2 = U'K3 = U'S' 

where US U'S' are perpendicular to AC. 

For the right-angled triangles CUS TUK are congruent, 
since UC = UI, 

and L CUS = |(B - C) = ^ lUK. 



§9. 



Formulae connected with the Angular Bisectors op a Triangle 
limited at their points op intersection with each other. 

The notation 

AI = a AI=/3 CI = 7, etc., 

was suggested by T. S. Davies in the Lady's and Gentleman's Deary for 1842, p. 77, 
and adopted by Thomas Weddle in his admirable papers entitled "Symmetrical 
Properties of Plane Triangles," which appeared in the same publication (1843, 
1845, 1848). 

Neither Davies nor Weddle makes use of the equivalents for IIi , etc., 
namely Oi— a, etc. Although the employment of these equivalents somewhat 
lengthens the formulae, it seems to me that it renders their symmetry a little more 
apparent. 

In connection with the ascription, in the historical notes, of the great majority 
of the following formulae to Weddle, it is right to call attention to a letter of 
T. S. Davies in the Lady's and Oentleman's Diary for 1849, pp. 90-1, in which he 
states that when he undertook to arrange and systematise those properties of the 
triangle communicated to him, several sets of papers came into his hands, the most 
ample and elegant of which were those of Messrs Weddle and J. W. Elliott. The 
letter continues : 

"I feel it to be due to him [Mr Elliott] to say that the names both of 
Mr Weddle and Mr Elliott might fairly have been prefixed to the far greater 
number of the properties, whilst each gentleman would have had a few properties 
designated as peculiar to himself." 

I might have considerably shortened the lists of the formulae by giving only 
the leading identities, and referring the reader to Mr Lemoine's scheme of con- 
tinuous transformation, I have done so here and there, but in general I have 

* The property that UK=US is referred to as well known in the Gentle- 
man's Mathematical Companion for 1803, p. 50. 
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either left or made the list complete in order that the reader who consults it may 
find ready to his hand the particular scrap of information of which he is in search. 
A table of logarithms which gave the log^rithmp of the prime numbers only would 
certainly be of some use, but merely to a select few. 

Mr R. F. Muirhead suggests to me h h h as a convenient mathematical 
translation of Mr Lemoine's transformation continue en A, en By en C. Here is the 
^ applicable to the formulae which follow. 

a b c 8 ^1 »*»2 *:» ** ^1 ^2 ^a ^1 K ^3 

change into 
a -b -c -Sj -8 S;, 82 r, r —r^ - ^'g - Aj h^ h^ 

A B C R A /i Z2 Z, Xi A5 A3 

change into 
-A 180" -B 180'' -C -R -A -k -K -K K -h -h 

a a, tt2 ttg ^ ^1 ^2 Pn 7 7i 72 73 
change into 
-ttj -a -og -as Pi P -P^ -P2 7i 7 -73 -72 



a^ =(r2-r)(r3-r) 
P" ={r,-r){r,-r) 
f ={r,-r ){r^ - r ) 

a3« = (r2-r)(r,+r2) 

^' = (^ + ^2X^2 + ^3) 
y,2 = (r2 + r3)(r2-r) 



< = (*'3 + ^'i)(n+»'2) 
Pi' = {r.^r,){r,-T) 
y,2 = (r, -rXrg + n) 

Pi=={r,-r){r,^-r,) 

73' = (^2+r3)(ns + n) 



(1) 



Weddle remarks that these twelve equations along with the 
three in (55) of the r formulae* give the values of all the products 
of every two of the six quantities 

ri-r r^-r r^-r r.^ + r^ rg + rj r^ + r^ 
* Proceedings of the Ediribv/rgh MatkemcUuxU Society, Vol. XII., p. 98 (1894). 
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02=- 



Jbcr9\ 



r 

\lhcA 



'^^V:i 



03 = - 



Jhi 



^cr^r^ 



r., 






73 



Jcarr^ 
r 

Jcar^Vi 



Ji- 



72 = 



Jabrr.. 

Jabrr^ 
r 



(2) 






^3 *2 



Oi ^ Og ^^ 



r 82 81 r.j «3 r, rg « 



(3) 



oa, = Oj03 = 6c ^^2 = /3^, = ca yy, = ^,72 = 06 



(4) 



00,0203 = 6V PPiP^, = c'a' r7iy2y3 = a''6^ 



(5) 



»/Jr<»i^iri«2^2r2aa^3y3 = («6c)* 



(6) 



« ^i73 = o Ari = oi^ 72 = "i^s? 

= «S^y3=»!/^3ri = «3^l72=«3^2y =o6« 



(7) 



a 13 y : abc — abc : o-iP^y^ 
oi Ayi \abc = (ibc:a P^y^ 
OajSgya : a^c = «&« : OgjS y^ 



(8) 
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a a 



a, Oi 



«2 


«2 


«3 


a« 


ayi_ 


"^ 






aiTi. 


^yz_ 


.ays 


J«372_ 



a ; 

y 

73 
^3 

7i 



A /^2 
7 7 

72 72 

13 =y : r^-r 
; a = y : n — r 
\ a —P \ r-^-r 

A = 72-^2+^3 
«'2 = 72- ^2-^ 

/?2 = 73:^2 + ^3 
: ai = 73:*'3 + «'i 
^1 = ^2: ^1 + ^2 
^ =7i:ri-r 
: 0-3 = 71: rs + r, 
«n = ^ : ^:{-»- 
a- : 6c = «i : s 
P^ : ca = Sg • * 



7i 7i 

aift^«3^2^^ 

7n 73 

tti: A=7r-n-»' 

ft: a, =y, rrj + r, 
7i- ai = ft '^i+»'2 

^3: ft = 73-^2 + ^3 

ft:a3 = 73 :^3 + ^i 
7s- a« = ft- ^3-^ 

a : ft = 72:r2 + r3 
ft: a =72:r2-r 
72 : a ^^/S^iTs-r 
a2:ft = y :ri-r 

ft:«2 = y ••^2-^ 
7 : a2 = ft:r, + r, 

a^ \hc =s : Sj 
ft^: co=«3: 5, 



a6 = »3 : s 7i^ : a6 = s* • *j 



Oo* : 6c = 53 : »2 
ft^ : ca = « : S2 
72^^ : a6 = Si : «2 



ttg* : 6c = 82 • *3 
ft»: ca=«i: «s 
y^ : ab = 8 : /f.^ 



) (9) 



(10) 



(11) 



(12) 
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to 



a' /32 / ^ 

be ca ah 



Pi' 



yr 



be 




ea 




ah 


= 1 


«2' 

be 


+ 


ca 


- 


ah 


:^1 


be 


- 


ca 


+ 


ab 


= 1 


be 
< 


+ 


ca 


+ 


ah 


= 1 


be 




ca 




ah 




a' 




Ti 




7-2 


= 1 


be 




ca 




ah 




a/ 


+ 


1^ 




71^ 


= 1 


be 




ca 




ab 





A^ 



= 1 



^ , 



(13) 



(14) 






(15 



oa=' (6 - c) + 6)B' (c - a) + cy'' (a - 6) = 
ao,''(c - 6) + 6/?,''(c + a) + cyi^a + 6) = 



I (16) 



b-c c-a a-b ^ 

2-+T75T + r = ^ 

a< 6/?2^ cys^ 

c-6 c + a a + 6 



W 



<7a 



= 



(17) 
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•a^ -j. ^ + y2 = L ■' := bc-^ca + ab 

'^ ' 8 8 

1 a« o ^<?« +ca8.^ + ab82 . . Sabc 
«i +A +yi = -^ bc-ca-ab^ 

a.,* + ««- + y.' = = - he •\- ca - ah ■\- 

Zabc 



Os +/33* + 73"= — -^ = -bc-ca-\'ab'\' 

°-/+A' + /=(»--'-.-n)V«/ 

Compare (15) of the r formulae* 

a /? 7 : abc = r : s 
«i Ayi • ^^ = ^1 • *i 
02^272 •«&c = r2:s2 
0,^373 :a6c = r3 153 



(18) 



(19) 



(20) 



Other proportions may be obtained by substituting for abc its 
equivalents in (7). Matthes (p. 49) gives 

which may be reduced to 

ahc : a^y = s : r 



and so on. 



<*ii^2y3 • »ftc = s : r 
a^372-«^c = «i :ri 
Og/? yi : a6c = S2 ' ^'2 
og^iy :a6c=^«3:r3 

MA^ii^iri = 8 AS« Ai^a ^8372 = 8 A V 



(21) 



(22) 



* Proceedings of the Edmburgk Mathematical Society^ Vol. XII., p. 91 (1894). 
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a^y =(ri-r)(r2-r)(r3-r) 
^iPiYi = (n - r )(r3 4- ri)(ri + r^) 
"2/^272 = (^2 + r^){r^ - r ){r, + r^) 
«3^8r3 = (^2 + rs){rs + r,)(r3 - r ) 

«i/^2y3 = (^2 + r^Xn + n)(»-i + h) 

a ^372 = (^2 + ^3)(^2 -r){r.^'-r) 
«3^ 7i = (n - r )(r3 + r,)(r3 - r ) 



au 



a^A=(^2 + ^-3)(^3-^)(n-^) 
« 7 72 = (»'2 + ^3)(n - »• )(^2 - ^ ) 

^ 7 7i = (^3 + n)(n - ^ )(^2 - ^ ) 

• c a a2 = (ri + r2)(r2-r)(rs-r ) 
c/3ft = (ri + r2)(r3-r)(7'i-r) 

a A^2 - (ri - r )(ri + r^){r^ + r.^) 
a 737i = (n - ^ )(^2 + ^3)(^3 + n) 
6 7273 = (»'2 - r ){r^ + r3)(r3 + n) 
6 tti o^ = (ra - r )(r3 + 7\)(ri + r^) 
c 03 tti = (r3 - r )(r3 + r^Xr^ + r^) 



I (23) 



h (24) 



(25) 



Weddle remarks that (24) and (25) exhibit the twenty products 
of every three of the six quantities 

Vj-r, r.,-r, r.,-r, r. + r.,, r-^ + r^, r^ + r^ 
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a 04 = (rj - r)c 

772 = (r2-'r)a 

a 6 = a^(r^ - r ) 
ac= (hirs-r) 

ya = y2(ri-r) 

7i^ = 7z{ri'-r) 
71^ = 7 (^3 + ^i) 
( tti - tt )?• = 
(tti- a)ri = 

( 73 - 7 )^ = 
(73- 7h = 

("2+ ^3)^2 = 

(02+ (h)r^ = 

(^3+A)^3 = 
(^3+ft)n = 

(71+72^1 = 

(7i+72h = 



a3«i = (»'3 + n)c 
aia2 = (r, + 7'a)6 

AA = (n + ^2)a 

7273 = (^2 + ^'3)^ 
737i = (^3 + n)a 

«2^ = ai(^2 - »• ) 
a2C= a(ri + r2) 
/:?2C = A(r, + r2) 
A« = A(»-2 + »-3) 
y.a-y (r2 + »*3) 
72^ = 73(^2-^) 
a36 = a (r^ + Vj) 

Ac = /^2(^3-^) 

73a = 71(^2 + ^3) 

73^ = 72(^3 + n) 

a(ri-r) = /3y 

ai(^i~*') = A7i 
/i (r-o - r ) = y a 

A(^2-^) = 72«2 

:y(r3-r) = a^ 

73(^3-^ ) = «3^3 

02(^2 + ^3) = ^272 

«3(^2 + ^3) = ^373 

^3(^3 + ri) = 73a3 
A(^3 + n) = 7i«i 
7i(^i + *'2) = aiA 

72(^l + ^2) = «2/^2 



(26) 



(27) 



(28) 



Digitized by 



Google 



79 



(r3-7K = 
(r3-r)«2= 

(02+ a^)8 = 
(02+ asK" 

(71 + 72)5 = 

(7i + 72K = 



= ctaC^i - ^ ) = 
«2(n - r ) = 
ft(^2-0 = 
^3(^2-0 = 
72(^3-*') = 
7i(^3-^) = 

= «l(^2 + ^3) = 
■■ a (^2 + ^3) = 

/52(^3+n) = 

^(^3 + n) = 
= 73(^1+^2) = 

= 7(n+^2) = 



= ^7i 
= ft7- 

= 7«2 
72" 

aft 

= ft73 
= ft72 
= 73«1 
7l«3 

= «4ft 

= tt2^1 



(29) 



( ttj - tt )7ii = 2ttri = 2air = 2a2S2 = 20383 
(^2 - ^ )^ = 2^r2 = 2^2^ = 2/3,8, = 2^83^3 
( 73 - 7 )^3 = 2 7r3 = 273r = 27181 = 272*2 

(02+ ^3)^ = 2as= 2ttiSi = 2a2r3= ^ttjra 
(ft + ft)A2 = 2138 = 2M = 2ftr3 = 2ftri 
(7i+72)^3 = 27« = 273S3 = 27ir2=272ri 



1^ (30) 



(ai-tt)a = (a2+a3)(ri-r) 
(^2-/3)6 = (ft + ft)(r2-r) 
(73-7)c = (7i-72)(»'3-^) 

(a2+a3)a = (ai- a){r.^ + rQ) 
(ft + ft)& = (ft-^)(^3 + ri) 
(7i + 72)c = (73-7)(»*i + ^2) 



(31) 
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(ttj — a)c- 

(A-)8)a 
(ya-r)a = 

(05+05)6= 
(03+03)0= 

()8» + A)« = 

(71 + 72)6= 



= (A-/3)7i = 

= (7a-7)A = 

= (7>-7K = 
= (0,- a)7,= 

= («!- «)A = 

=(A-^K= 

= ()8. + A).72 = 
= (7i + 72)A = 
= (7i+7a)«3 = 
= (04+03)71 = 
= («s+«a)A = 
= (/3a + A)«.= 



= ()8, + A)7 

= (7. + 7.))8 

(7i + 7«)« 
= (04+03)7 

= (o,+ o,)/S 
(^, + A)«^ 

()82-/3)7» 
(7.-7)/3« 

= (73- 7)«2 
(«i- «)7» 

= ( O, - o)^j 



(32) 



(«.. 


-a)^=(73-7)(n--) 


(«I- 


-a)7=(A-)8)(n-r) 


(0,. 


-o)/3i = (7, + 7j)(ri-r) 


(0.. 


-a)7i = (A + A)(n-r) 


fA- 


-^)7 =(«i-'')('"2-»") 


(iS^- 


-iS)o=(73-7)(rs-r) 


(^2- 


-^)72=(«2+«3)('-s,-r) 


(A- 


-P)<h = (yi+y2)(ri-r) 


(73- 


-7)o=(A-^)(»-3-r) 


(73- 


-7)^=(o,-o)(r3-r) 


(73- 


-7)«3 = (A + M»-3-»-) 


(73- 


-7)A = («S+«3)('-3-0 



(33) 
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(a,+ a,)/3^ 


-(yi + y.i)(^'2 + r,) 


(a.,+ a.,)y,= 


= (^,-/^)(r, + r,) 


(a,+ a3)^. 


= {7^-y)(r'2 + r.,) 


(«2+«3)y3^ 


= (^3 + A)(^. + r,) 


(A + i«i)7i^ 


= (a, -tt)(r3 + ri) 


(ft + A)ai 


= (yi + y2)(n3 + n) 


(ft+A)r« 


= (a2+a3)(r3 + ri) 


(ft + ^l)«S 


= (y:^-yl)(r, + r,) 


(yi + y-i)«i^ 


= (ft + ft)(n + ^.) 


(yi+7.)ft^ 


= (a,- a)(ri + r,) 


(yi + y2)a.>= 


= (/:?, -/:?)(r, + r,) 


(yi + y.)^.= 


= («2+ «3)(n+*'2) 



!> (34) 



( tti - (JL )r., =■■ 

(y3-y)n = 
(ys-y ^2 = 

(a^ + a^y = 

(ttg +03)^1 = 

(A3+Ay2= 
(yi + y2y = 
(yi + y2K = 



(a2+«:>3 = 
» ( tto + a;,)4?2 = 

:(/^, + AK = 

■(ft + AK= 
= (yi + y2K = 
(yi + y2K = 

: ( (Xj - a )i.'i = 
: ( ttj — a )s = 

= (^2-^K= 

'(y3-yK= 
= (yo-y)« = 



= «a2=Ay2= 

= «a3 = ^ya = 

^*ft=y3^^ = 



= Ay 
= ftyi 

= yi'^2 



= aa =/^72 

= 6jS =yia =y«3 



fty 
/32yi 



■*/52 = y2«i 



= y3«2 

= «3A> 



i^ (35) 
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= (n - ^) 



rara + rgri + rirg 



= (r,-r) [ ] 

= (»•»-'•) [ 1 

( aj + a,)- = a- + (ra + r,)" = — ^^ = — 

= (»-8 + '-a) [ ] 

abc^rjV^ abc' 



= (ri+»-2) [ 



(36) 



In Grunert^s Archiv, XXIX., 436 (1857), Franz Unferdinger 
gives for (aj - a)-, etc., the values 



^'(^^^^^^ ^XfZlt'^ ^ etc. 



(37) 



See (56) of the r formulae.* 



(«,-a)' + (^,-/i)H(r.,-y)= 

+ (a, + a,)H(ft + ^,f + (ri + r..)* 

= 3(-r + rj + rj + r3)^ 



(38) 



Proceedimjs of the Edinburyh Mathematical S^ocitty, Vol. XII., p. 98 (1894). 
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=( yi + 72) 72 -(r3-r)r 

(/3,-/})^ = (y, + y,)y,-(y,-7)y 

(73 - 7 )'"= ( ^2 + «3)«3 - («1 - «')«' 

= (7] + 7-2)72 + (73 -7)73 

(ft + A)' = (7i + 7:^)71 + (73 - 7)73 
= ( a., + <*:;) tig 4- (tJii - a)tti 

( 7i + 72)" = ( '^2 + '^3) 'h + (<*!- f^)«i 
-(ft + ft)A + (ft-/m 

( a, - a)( a, + a,) = (fS, + ft)ft " (ft " /:^ )ft. 
= (71+72)73 -(73 -71)72 
= (ft + ft)/^+(ft-/^)ft 
= (71 + 7-2)7 +(73-71)71 

(ft - ^)(ft + ft) = (7i + 72)73 - (73 - 7 )7i 

= (a2+ay)ai-(ai- a )a.. 

= (71 + 72)7 +(73-7)72 
= ( a., + a.,) a + ( rij — '* ) «o 

(73 - 7)(7i + 72) ■-(««+ "3) ^1 ~0h- ^^ )"2 
= (ft + ft)ft-(ft-/:?)ft 
= ( «2 + ^3)** 4- ( ai - a )a3 

(a, - o )(^j - ^ )(73 - y ) : (a, + a,)(^3 + /3,)(yi + y,) = r : « 
(a, - a )(^, + ^,)(7i + Vj) : («-- + <h){p2 " ^ )(r3 " 7 ) = n = "i 
(a, + a,){p, - p )(y, + y,) :(«,-« )(A + A)(7:, - 7 ) = '•. = *. 
(a, + a,)(A + ;8,)(7. - 7 ) = («.- « )(A " P )(7, + 7.) = r,^s. 



(39) 



(40) 



(41) 
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By combining (41) with (8) and (20) other proportions may be 
obtained which it is needless to write down. T. S. Davies (in the 
Ladies^ Diary for 1835, p. 53) gives one of them : 

(a, - a)(ft - p){y, - y) : (a, + a,^^, + A)(7i + 72) = a^7 : <^C (42) 



(a2 + «3)(/53 + /5i)(ri + 72) 

= (a, + a.,){p, - P){y, -y) + (a, > a)(^3 + l^.){y. " j) 
+ (a,-a)(^,-^)(y, + y,) 



(43) 



(a,-a)a8 = (/J^ - ^ )^ S = (y^ - y )y s 
= (a. + a3)a r, = {/S^ + ^0/5 ^2 = (7i + r»)7 ^u 
= (tti - a )a^8^ = (^2 - ^ )A^3 = (73 - 7 )7i^2 
= (^2 + «3)«i^ = (ft + A)A«i = (71 + 72)7l«l 
= (tti - a )a2r3 « (ft - ^ )ft«2 = (73 - 7 )72^i 
= (aa + a^)a^82 = (^3 + ^^ft^ = (7i + 72)72*2 
= (ttj - a )a.,r^ = (ft - ^ )ftr'i = (73 " 7 )73«;5 
= (^2 + a3)«3«3 = (ft + ft)ft»3 = (71 + 72)73^3 
— abc 



(44) 



1 1 _ 1 

(a, -a)'- (oa + ay)-^ a'- 
1 1 _ 1 

('ft-^)^^(ft+fty^-^>--' 
1 i_ _j^ 

(73-7f ■^(7i + 72r-"c^ 



(45) 



^ + /_ + X^l 

«i ft 73 a ft 72 



^ _ ft __ J/i ^ 2 



«2 , ft 72_-, «3 ft. 73_1 
r -^ A 77- 1 1 

as P 7i "2 Pi 7 



(46) 



These equalities are merely particular cases of more general ones 
stated by Gergonne in his Annales, IX., 116, 284 (1818-9). 
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«i P2 ya 

«i-^ . ^3 + A . yi + y2 o 

1 n + = -a 

«3 /^ yi 

«s + «n ft + ft _ y:* 7X ^ 9 



(47) 



The first of these equations is a particular case of a theorem 
given by Vecten in Gergonne's Annales, IX., 277-9 (1819). 



1 



1 



1 



— :r + — :r + -^ + — T 
a" a," a.," a/ 



4 
1 1 J 4_ 



^ " /^i^ ■" ft/ " ft;- 



J_ J_ _2_ J 4_ 

/ "^yi^^y/^y/'T;^ 



See (35) of the r formulae.* 



(48) 



(49) 



4A.= 2(a, + a,)a, =2(^3 + ^,) A =2(71 + 7^)73 

= (a,-a)(a, + a,)+ (^2 - ^ )(/33 + j8,) + (73 - 7 )(7j + 7^) 

4A,= 2(a, + a,)a ^2{^,-P)p, =2(73-7)72 

= -(a.-a)K + «n)+ (A - ^ )(^» + jS.) + (7» - 7 )(?: + 7^) 

4A,= 2(a,-a)a, =2(^3 + ft))8 =2(73-7)7, 

= («.-«)K + «2)- (A-/?)(^s + ^i)+ (7«-7)(ri + 72) 

4A3= 2(a,-a)«, =2(^,-^)A =-2(7, + 7,) 7 

= (a,-a)(a, + a3)+ (^, - /3 )(/33 + ^,) - (y, - y )(y, + y,) 

where A„ A, A2 A3 denote 

triangles Iiljis H:)!: I3II1 Is^il • 

* Proeeedingt of the Edinburgh liathematical Society, Vol. XII., p. 94 (1894). 



(50) 
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Historical Notks. 

In 1841 the Ladies^ Dinry^ which first appeared in 1704, and the OenUemmi'* 
Diary, which first appeared in 1741, were united and published under the title of 
the Lady's and Gentleman's Diary^ which came to an end in 1871. This title will 
in the notes Ix? shortened to Diary. 

(1) The values of a, jS^ y... art- given by J. LoMo-y in the Ladie^ Diary for 

for 1836, p. 52 ; T. S. Davies adds six more in the Diary for 1842, 
p. 79 ; and Weddle completes the dozen by giving the values of a j3 y 
in the Diary for 1843, p. 80. 

(2) C. J. Matthes in his Conimentatio de Proprietaiibtts Quinque Circulorum, 

pp. 46, 49 (1831). 

(3) Weddle in the Diury for 1843, p. 81. 

(4) Lhuilier in his ilimens d* Analyse, p. 215 (1809). The values of aa, j8^j yyo 

were however given by J. Lowry in Lnybonrn'a Mathematica>l Repository, 
old series I. 394 (1709). 

(5) T. T. Wilkinson in Mathematical Questions from the Educational Times, 

XIX. 107 (1873). 

(6) C. Adams in Die merkwurdio^ten Ei^en^rhaften des gei-adlinigen Dreierks, 

p. 36 (1846). 

(7)— (12) Weddle in the Diary for 1843, pp. 81, 82, 88. The first three propor- 
tions of (12) are however implicitlj' given by Matthe?* in his Commentati/), 
p. 46 (1831). 

(13) The first property was proposed for proof at the Concours Acad^mique de 
Clermxmt, 1875 ; the others were given by Mr H. Van Aubel in Nouvelle 
Correspondance MatkdmMtiquc, IV. 364 (1878). 

(14), (17) First property given in Todhunter's Plane Triffonometry, Chap. XVL, 
Ex. 37 (1859). 

(15), (18) First property given in Hind's Trigonometry^ 4th ed., pp. 304, 309 
(1841). 

(19) First property given in a slightly diflFerent form by Adams in his Eigen- 

schaften des...Dreiecks, p. 40 (1846). 

(20) First property given by C. F. A. Jacobi in his De Triangulorum Recti- 

lineorum Proprictatibus, p. 10 (1825). 

(21) First proportion given by J. Lowry in the Ladies' Diary for 1836, p. 52. 

(22) First property on the left side given by Adams in his Eigenachaften des 

,.,Dreiecks, p. 62 (1846). 

(23) The first property was proposed for proof at the Concours Acad^ique de 

Clermont, 1875. A geometrical solution of it occurs in Bourget's Journal 
de Math^matiques EUmentaires, II. 54-5 (1878). 
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(24M26) Weddle in the Diarjf for 1845, p. 69. 

(27M29) „ „ „ „ „ „ p. 70. 

(30) „ „ „ „ „ „ p. 74. 

(31)-(35) „ „ „ „ „ „ p. 71. 

(36) The first values of (uj - a)^, etc., occur in the Diary for 1847, 
pp. 49-50, in answer to a question proposed the previous year by the 
editor, W. S. B. Woolhouse. The second values are given by Matthes 
in his Commentatio, pp. 53-4 (1831) ; the third values by Weddle in the 
Diarp for 1845, p. 74. The last values of (dy + 0.^)% etc., are given 
by Franz Unferdinger in Grunert's Archiv, XXIX., 436 (1857). 

(38) Weddle in the Diary for 1843, p. 83. 

(39), (40) „ „ „ „ „ 1845, p. 73. 

(41) The first proportion is given by Adams in his Eigenschaften de8...Dreiecks, 
p. 34 (1846). All four follow at once from eight expressions given by 
Weddle in the Diary for 1843, p. 82. 

(43) Weddle in the Diary for 1843, p. 82. 

(45) „ „ „ „ „ „ p. 83. 

(46) „ „ „ „ „ 1845, p. 76. 

(47) J. W. Elliott in the Diary for 1847, p. 73. 

(48) Weddle „ „ „ „ 1845, p. 75. 

(49) „ „ „ „ „ 1845, p. 76. 

(50) „ „ „ „ „ „ pp. 72, 75. 



§10. 



Formulae connected with the Angular Bisectors op a Triangle 
limited at their points of intersection with the sides. 

The uniliteral notation for these bisectors 

'1 ^2 '3 ^1 ^2 ^ 

was suggested by T. S. Davies in the Lady^s and Oentleman*8 Diary for 1842, p. 77. 
In the expressions for them it has been assumed that the sides BC CA AB are 
in decreasing order of magnitude. Hence it will follow that 

BL is less than CL, and BL' is less than CL' 

CM is greater than AM, and CM' is greater than AM' 

AN is less than BN, and AN' is less than BN'. 
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The asAumption " oauRpR the Ki<^ of Ag (rorrefiponding to the mean side b) to 
Ije contrary to those of A, and A^. This must be borne in mind, otherwise the 
symmetry of the expressions in which these functions (a, Ao A^,) are involved 
will not be seen." (Weddle in the Diartf for 1848, p. 76.) 



Two fundamental tlieorems* regarding two sides of a triangle 
and the bisectors of the angles between them give the following 
proportions : 

b : c = U2:ui = n^ : iti 
he = w,?*2 + 1^ = u^Uo - A^- 



Hence are derived 



// = n.r + /,- • — = n.!^ - A,^ • — , 






(1) 



Segments of the sides in terms of the sides 



be 

ij. ^- — /t' = r 



ca ab 

V, = 71% 



nh ^ he 
n\ 



, ea 

n, =- r, 

h - c 



ah he 

U2 =- v,r = Wo = 



u., — 



h-k-c 

ah 
T^e 



c-\-a 
be 



?/'., = 



a-h 

ea 
a-^b 

ca 
a — h 



(2) 



/ / -r -r / '^("'bc 

?Aj 4- ?/j = Uo - U.J = L L =77 



6- - C2 

2abc 



^2 4- V2 = Vj' - v^ = MM' = - 



/ / -vTT^T/ 2abc 

w^ + w^ = Wo - Wo = NN = -- — 

n- - h- 



(3) 



* The first is Euclid VI. 3 and its extension, which also was known to the 
Greeks, as is evident from Pappus's MathematiccU Collection, VII. 39, second 
proof. The first part of the second fundamental theorem is g^ven in Schooten's 
Exercitationes Mdthematicae, p. 65 (1657). 
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1 



LL' MM'^NN' 



1 1 



(4) 



LL' MM' JSTN 



-. + -^T^. = ^» 



(5) 



« h_ __c (6 - c)(c - a)(a - h) 



LL' MM'^NN' 



2abc 



The segments of the sides in terms of each other. 



, ^2 - '^1 







and so on. 






2^2 + ^*1 


and so on. 





?^o —Uo 






^2 +^1 



(7) 



and so on. 



n/ + «i = ?*./ - 1/2 = LL' = 



Un - til 



(8) 



LL'^ = ;f^ + V MM'2 = 42^X2^ NN'= = // + V (9) 



, __ 2 Jbcss^ _ 2 A Jbcrr^ 



4 = 



/3=- 



2 Jcasa^ 2A v/( 



oarrg 



(c + a) (c + a)?T2 

2 \iah88^ 2 A Jabrr^ 
{a + b) '(a + byi^ 



' (10) 



Digitized by 



Google 



no 






{h - c) (h - r)n,r, 

'2 \'Cns.fS^ 2 A vrar.,?', 
(a-c) ~ (a-cyr^ri 

2 s'fihs^M., 2 A s/fihi\r.2 
(a-b) (a- hy^r^ 



(11) 



6c (i + c)- 



^ + — ^^ = 1 

ca (c + a)^ 

7 2 ^2 

-•'-+ =1 



(6 - c)'' be 



= 1 



I (12) 



^' -iL.=.l V (13) 



(a - c)^ ca 



- r =1 



(a - bf ab 



(14) 



/^2(^ + c)- + A;-*(6-.cf = 4feV 

//(c + a)2 + V(«-c)' = 4c=rt« 
i;^{a-¥bf^\.^{a-bf==^aW 

-^-(b + r)« + ^{c + a)^ + -^(a + b)' = 452 

^(5 + cf - ^'-(a - cY - ^{a - by = W 
be ca ab 

- 4^(6 - c)« + -^(c + a)« - ^(a - 6)« = 45,2 

be ca ' ab^ ' 

- Al(ft - c)2 - ^(a - c)^ + -^(a + 6)^ = 453' 

6c ^ ca ^ ao 



^'''«' (14)'-^ '^^m4F+ M^+t)^"*^ (^«) 



(15) 



and so on. 



a^ 6c \ 6 c / 6'- ca\ c a / c- a6\ a b) 

=(— +- -V 

\6c ca ab) 



and so on. 



r 07) 
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= 



?*j ^2 + t'l V2 + ?^i ^^2 + ( ^1" + h^ ■\- l^)—hc + ca-\-ah \ 

= (a - ri)Vo 4- (5 - ?ri)?/'2 + (c - '?*i)?/2 ) 

^^^ + /^ + / - {(^i - -y + (^2 - f^r + (h - yy} 

= (fh + Vi + M?i)(«*2 + ^2 + '^2) - 2(1*1^2 + ^1«*''2 + '^I'^h) 



(19) 
(20) 

(21) 
(22) 
(23) 

(24) 



^1 



t?it^;i ~\b ^ c}\c ^ a}\a^ b) 

1 ^ /_L ^ JiWi _ ±W_L _ 1) 

Ui v^Wi \h c f\ c a l\ 6 a J 
1 /I IWI ^ iWl 1\ 

1 _/l IWl 1 W 1 1\ 

Ui'vi'to'i \ c b f\ c a /\ a b J 

These may be put into the forms 

u^v^Wi : abc = abc : {b + c)(c + «)(« + b) 
and so on ; or 

BL • CM • AN : abc = abc : DjDg • EgEj • FjFg 
and so on. 



(25) 
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a, ?% ?r, =?/.,rom, 



4ARr 



A, + /*., + //:. -r 
4ARr^ 

4ARr2 

Aj - Ag + As - n 

4 ARr3 



1*1 v/*^/ =^ ^2 V'i'^a' = ■ 



Ml r, ?/;, = ?/.2 ^'2 ^'•-' = 



t*, V, w. = Wo Vo 1^2 = ■ 



n{v(w^ = tijVg'iCa' 



?*, r, ?/', = Wj ^'2 ^*2 ~ 



(ft«c)(a-c)(a-6) 
(6-c)(c + a)(a + ft) 
(6 + c)(a-c){a + 6) 
(6 + c)(c + a)(a-6) 



These may be put into the forms 

BL' • CM' • AN' : abc = abc : DD, • EE^ • FF3 
and so on. 



'1 '2 '3 ~~ 

iiK\ = 

AiArfj ^3 = 
'1 ^2 ^3 = 



Sahcs^^ 



(b + c)(c + a){a + b) 

{b + c)(a - c){a - b) 

^abc8.i/\ 
(b - c){c + a){a - b) 

Saftc^gA 
(b - c)(a - c)(a + 6) 

32RA« 



8A- 



8a6crA 



(26) 



I (27) 



(6 - c){a - c)(a - 6) 

Sabcr^A 
{b-c)(c + a){a + b) 

{b + c){a-c){a + b) 

SaftcrgA 
{b + c){c + a)(a-b). 



(28) 



r(6 + c)(c + a){a + b) hj + h^ + A3 - r 



(29) 



and so on. 
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32RA 



8{h - c){a - c){a - b) 



and so on. 



BL CM -AN : I^IJ^='R:28 
BL' • CM' • AN' : k,\^\^ = R : 2r 

ljlJs{h + c)(c-\-a){a + b) 

= ^(f-iPiY^r^ = 8a ftyjsri* = SttgjS yi^Ta^ = ^^^PiJ sr-i 

KK^{^ - c)(a - c)(a - b) 
= Stti^ayar' = 8a fi-iy^rr^ = Sa^^ yjrr/ = So^^iy r?/ 
= 8a /? y r 8^ = 8a,^,yirSi2 = Ha^^y^rs^^ = SasfS3y.jt^s.i 



M2^3A.lA2A3--— — — ^ 



r (30) 

(31) 

(32) 
(33) 



(34) 



2h, b^-c" 



{b'-c%d'-c'){a^'-b'') 
1024R^A^ 
" (6-^-c-')(a'^-c^)(a'^-50 

26 /ijj- - Ai" 2c As' - ^i" 



2h.2 or — c" 



/^Ay /^A-2^3 

2h., a^ - b' 



li^i abc 


/jAj oic 






a 


6 c ^ 


hK 


'2^ ^3^3 




V + *3 _ 

/2A.J ^Ay 



^3^a «6c 



4a6A 
a^ -6^ 



(35) 

(36) 
(37) 
(38) 
(39) 
(40) 
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(41) 


iZaXj c^Xj 


' ' . ' 


(42) 


h,hK hAK hj.K 


a :l, =r(6 + c-):2A = 6 + c : 2* > 




(3 :L, =r(c + a):2A = c + a:2« 




y iZg =r(a + 6):2A = a + 6:2« 




<h'h =ri(6 + c):2A = 6 + c : 2«i 




p^:L^ =r2(c + a):2A = c + a : 2«2 




73 : h =r.,{a-\-b) : 2A = a + 6 : 2sa 




ou, :A,=:ro(6-c) :2A = b-c : 2^^ 


1 (43) 


«3:Ai = 7-3(6-c) :2A = 6-c:24J3 




A:A2 = r3(a-c) :2A = a-^c:2s, 




j^i:Ao = ri(a-c) :2A = a-c:2«i 




71 •• ^3 = n(«-6) : 2A = a-6 : 2«, 




72 : A,;} = r3(a - b) : 2 A = a - 6 : 2*2 




a :IL =:6 + c :a ^ 


Z, : I L = 2s :a 




/? :IM =c + a :b 


h:lM=2» :b 




y iIN =a + 6 :c 


/, : I N = 2« : c 




ttj : IiL = 6 + c : a 


Ij : IjL = 2«, : a 




/SgiLM =c + a : ^> 


/, : IjM = 2«o : 6 




ya ilgN =a + 6: c 


Z,:I,N =2«,:c 




Og : I2L' = 6 — c : a 


- (44) 

A, : IjL' = 2s2 : a 


'(45) 


ftg : I3L' =b-c :a 


X] : I3L' = 283 : a 




/3,:l,W = a--c:b 


A,:l3M' = 2«3:6 




ft:IiM'-a-c :b 


A,:I.M' = 2s,:6 




y,:l,W=a-b:c 


A3 : IjN' = 2«, : c 




y^:lW=a-b:c 


A3:I,N'=2«,:c 
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Values suck as 



h = 



2A a 2A tti 



r D,D, r, D,D, 



A.= 



<H 



2 A a. 



2A 



(46) 



a Jbcrr^ 



(6 - c)r.j 



I,L = 



a Jbcrvi 
{b + c)r 



J ^, ^ tt N/6c'r2ra I L' - ^ '^/^cr^r.^ 



(b - c)r>2 



need not be written out at length. 



(47) 



IL -IM •IN = 

IjL • I,M'IiN' = 
IL •IyM'-l2N' = 
I,L'-l2M -I^N'^ 
laL'IM -11^' = 
I3L' • J3M' • T3N = 
J^U • 1,W • I N = 



16ARV 



(6 + c)(c + a)(a + 6) 

16A RV 
'{b + c)(c + a)(a + b) 

16ARVi^ 

(/) + c-)(a-r)(rt^ 

16ARV 
{b + c){a - c){a - b) 

16ARVo^ 
(6 - c)(c + a)(a - 6) 

16ARV 
(b-c){c + a){a-b) 

I6ARV3" 

(b - c)(a - c)(a + b) 

16ARV 
(b-c){a-c){a + b) 



m 
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ILIMIN= 
I,LI,MI,N = 



4Rr» 



Aj + Aj + Aj-r 

4Rr8' 
A,+A, + A,-r 



(49) 



a^y : IL- IM • IN = (6 + c)(c + o)(o + 6) :o6c 
= a6c:BLCM-AN 



■ (50) 



I,LIjMl3N:W3 = R :2r 



(51) 



LL' 


MM' 


^3 

NN' 


(b-c){a-c)(a-b) KhJh 
16RV " AjAA 


^1 
LL' 


MM' 


A. 

NN' 


(6 + c)(c + a)(a + 6) /t,AA 
16R'« ~ IMz 



(52) 



7 " _ 4!;n(»'»'iJ: »Vj) . , ■^r.^r^n^ + >y.,) 
„ _ 4rr2(m + r^r,) ., _ 4r3ri(rya + ra>-i) 

3 _ 4>Ta(rr3 + rir3) ^ _ 4r,r,(rr3 + r^r„^ 



{n-^rf 



(n - »"2) 



- (53) 



1 J 1_ 



1 J i_ 



> (54) 
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'^ \K 


A, A, Ai 

Vs hK AA 


2R 


I. 




A, A, h. 


2R 

6» 




+ kX- 


A, A3 A3 

- i,A, A,;, - h,h,- 

A, Vj + AjA, 

Ag AgAj — frgftj 
^3 V,-«.^ 


2R 



(55) 



I1I2 + Aj Aj 



(56) 



Weddle remarks that the three preceding relations between 
li I2 Iz K K K all reduce to 



'1^2*3 ~ AjfrjAj — AjAjtj — ^lA^Aj 



(57) 






2 



20403 

Oj-Oj 
Oj ~ Oj 



4=- 






2_ 1^ J_ 



A,= 



ft" A 



«3 = - 



^77s 



y+ya 



^ i_ ji^ 

A3 = -^^^ 
71-72 

^3 ~ 72 7l 



(58) 



2ATJ =a, + a 2BV=^j + /3 2CW=73 + y 
2AU' = a,-a, 2BV' = /3,-/33 2CW' = 7i-yj 



(59) 
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AU(aa + a3) =2R(6 + c) 

CW(7i + r2) = 2R(a + 6) 

AU'(a,-a) =2R{6-c) 
BV'(A-iS) = 2R(a-c) 
CW'(r3-y) = 2R(a-6) 

AU-^ = AU'-\a = 6c 
BV 'l^^BY''K = ca 
CW-Z3 = CW'-A, = a6 



AU» = M±f)l AU'^^^^^(^^^ 



4s«i 4V: 



•3 



BY2_ ^^(^ + ^)' j.y.._ ^g(^-^)' 



4ss2 ^W 



4s«3 4aiS, 



UA 



^1 - 2r /ti + 2ri 



r^ rj^ 



WC' = 



h2-'2r 7*2 + 2r2 
h.-2r h. + 2r.^ 



h(^ + c) = hi{a^ + as) Xi(6 - c) = Ai (oi - a) 

l,{c + a) = A2(/53 + /5i) M« - ^) = ^^2(ft - ^) 

h{<^ + 6) = ^3(71 + 72) K{<^ - *) = ^3(73 - 7) 



(60) 



(61) 



(62) 



(63) 



bcib^-c") ac{d'-c') ab(a^-h^) .^ 

4AUAU'~ 4BVBV'"4CW-CW'~^ ^ ^ 



\ 



(65) 
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J 1^ J_ J_ 



1 



4 _4 1^ 1 1 1 



h A3 



(66) 



^ P y ^ 
— h — + = 2 

frj ^2 ^3 

^2 A3 Aj 

4 X] A, 





Aj Ao A3 


-(67) 










^1 ^2 ^3 



(68) 



Let AI BI CI meet MN NL LM 
respectively at Lj Mj Ni 



ALi :ILi =AL:IL=Ai:r 
BMi:IMi = BM:IM = A.,:r 

CNi:INi = CN:IN = A3:r 



(69) 



ALi = 
TL,= 



ra 
hi + r 



BMi = 



Aa + r 
As + r 



0N,= 



IN,= 



k,y 

h^ + r 
hs + r 



(70) 



Matthes (p. 47) gives the values 






•n/6. 



^ (Ai + r)r, ' 



' (71) 
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Expressions for the sides of ALMN. 

____, abe 

(c + ay{a + by 

(b^c-^bc^ - c^a + ca^ + a^b - ah^ + a^ - 6' -c» + 3a6c) 



- (72) 



NL^ and LM^ can be obtained bj cyclical permutations of the 
letters a b c. 

These expressions can be put into shorter forms, by help of 
Landen's theorem that 

16A^ 
For 4 A(R + 2r,) = 4 AR + -~=- 

='abc + {a + b + c)(a - 6 + c){a + 6 - c) 
=^b^c-hb<^-c'a + ca^ + a'b-ab^ + a^-b^-c^-\-3abc 



Hence 

^^ = (c + a)(a + 6) N^ = (a + 6)(6 + c) I^^ = (6 + c)(c + a) ("> 

Matthes (p. 45) in transforming the ten-terra factor which occurs 
in the expression for MN* does not appear to have observed the 
simplification that would result from introducing B, + 2r^. He 
introduces R + 2r, and obtains for MN the following value : 

4A , 

(c + a)(a + 6)r,r3 ^{(^^ + ^^")^^"3 + 2aARKr3 

The points L' M' N' do not form the vertices of a triangle, 
but are collinear. 

Expressions for the distances M'N' N'L' L'M'. 



abc 
M'N'»= 



{a-cfia-bf " 
( - 6»c - 6c» - c'a - ca" - a»6 - ofi" + a' + 6' + c» + 3«6o) J 



(74) 



N'U^ and L'M''^ can be obtained by cyclical permutations of the 
letters abc. 
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These expressions can be put into shorter forms, by help of 
Chappie's theorem that 

16A2 
For 4 A(R - 2r) = 4AR - ■^^=- 

= abc + ( - a + 6 + c){a - 6 + c){a -\-b-c) 

= -b^c-bc''-c'a'-ca^-a'b-ab^ + a^ + b^ + (^ + 3a^c 

Hence 

4A -10 4 A • 10 4 A • 10 

(a-c)(a-6) (a-6)(6-c) (6-c)(a-c) ^ ^ 

In deducing the expressions for M'N' N'L' L'M' it has been 
assumed that abc are in descending order of magnitude. If 
the figure do not correspond to this supposition, care must be taken 
in verifying the equation 

L'M' = M'N' + N'L' 

to affix the proper signs to the values of these magnitudes. 



Historical Notes. 

(3) Orelle's Eigenschaften des...Dreie€k8, p. 39 (1816). The property is probably 

much older. 

(4) Weddle in the Diary for 1843, p. 75. 

(10) The first values of l^ l^ l^ are given by Vecten in Gergonne's AnnaUSt 

IX., 304 (1818-9) ; the second values by Mattbes in his CommentiaUOf 
p. 42 (1831). 

(11) The first values are given by Weddle in the Diary for 1848, p. 78 ; the 

• second values by Matthes in his Commentation p. 58 (1831). 

(12) Mr Robert E. Anderson. 

(14) The first equality is given by Mr Launoy in Bourget's Journal de Maih4- 

matiqties M^imtaires, III. 160 (1879). 

(15) The first equality is given in J. A. Grunert's article " Dreieck " in Supple- 

mente zu KlilgeVs Worterbuche der reinen Mathematik, I, 709 (1833). In 
this article Grunert gives also (20). 
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(IG)— (19) Mr Robert E. Anderson. 
(21) First part in Jacobi's De Tria7igulorum...Propriei(Uibu9, p. 8 (1825). Both 
parts certainly much older. 

(22)-(24) Jacobi, p. 13 (1825). 

(25) Jacobi, p. 12 (1825), gives the first equality in the first alternative form. 

(26) First equality given by Matthes in his CommerUatio, p. 42 (1831). 

(27) First equality given by Marsano in his Considerazumi tul Triangolo BeUi- 

lineo, p. 29 (1863). 

(28) The value of l^l^h ^^ g:»ven by Vecten in Gergonne*8 Anncday IX. 304 

(1819) ; that of \W by Weddle in the Diary for 1848, p. 78. 

(29) The first value is given by Vecten in Gergfonne's AnnaleSj IX. 305 (1819). 
(31), (32) J. W. Elliott in the Diary for 1851, p. 58. 

(33) The first of these eight values is given by Jacobi, p. 10 (1825). 

(35) Weddle in the Diary for 1848, p. 78. 

(36) „ „ „ „ „ „ p. 81. 

(37) „ „ „ „ „ „ p. 80. 

(38) NouveUcs Amiales, 2nd series, IX. 548 (1870). 

(39)— (42) Weddle in the Diary for 1848, pp. 81-2. • 

(43)— (45) Matthes, pp. 46, 48, 50 (1831), g^ves several of these proportions, but 
they must all have been known long previously. 

(46) Matthes, p. 58 (1831), gives the values of A.i A^ Xg, but he does not 

seem to have observed the corresponding ones for l^ l^ l^, 

(47) Matthes, pp. 48, 51, g^ves the first half of these values, the first two of (48), 

and the first of (49). 

(50) The first two proportions are given by Jacobi, pp. 11, 19 (1825) ; the last 

two by Matthes, pp. 48, 51 (1831). 

(51) The last proportion is given by Matthes, p. 51. 

(52) J. W. Elliott in the Diary for 1851, p. 58. The equality of the last two 

expressions is given by Vecten in Gergonne's AnnaleSy IX. 305 (1819). 

(53)--(58) Weddle in the Diary for 1848, pp. 76-78, 82. The values in (58) are 
probably much older than this. 

(61) Weddle in the Diary for 1848, p. 82. 

(62) Value of AU^ is given by William Mawson in the Diary for 18^5, p. 67. 

(63) Adams's Eigenschaften des...Dreieck8, p. 75 (1846). 

(65)— (68) Weddle in the Diary for 1848, p. 83. The first equality in (67) is given 
by Adams in his Eigenschaften des...Drei€cks, p. 61 (1846). 

(69), (71), (72), (74), (75) Matthes, pp. 47, 44, 59 (1831). 
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Formulae connected with the Radii of the Incircle and the 
Excircles of a Triangle. 

By J. S. Mackay, M.A., LL.D. 

The following formulae may be added to the list given in the 
Proceedings of the Edinburgh Mathematical Society , Vol. XII., 
pp. 86-102 (1894). 



^(^2 + ^3) ^^2 + ^3) 



8\r-{-rs)+rs\ri - r^) 8^'(r^ - r^) + r^{r + r^) 



and so on. 



6 + c = 



6-c = 



25n 



s(ri + r) Si(rj+r) 



nOv-^^s) ^^2-^3) 



2^2 



(6 + c){c + a){a + h) : ahc = hj + h2 + h.i-r :r 
(b + c){a - c){a - b) : abc = A^ - Ag - A3 + ri : ri 

4r2(ri« + r^^ + rj^) + 4(r2 V + ^sV + ^1 V) 
.,/J_ J_ J_ _1_ J_ 1 \ 

V3V "^^sV "^nV "^ ^V "^ ^v "^ ^v/ 

(a^ + b^ + cy-SA^ 

/I 1 1 1 \2 



(81) 

(82) 
(83) 
(84) 

(85) 

(86) 
(87) 
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r:r,-=A,-2r:A, = A, 
r : rj = Aj - 2r : A, = Aj 
r:rj = A,-2r:A3 = Aj 



A, + 2r, 



(88) 



r»:r,» = Ai-2r:A, + 2r, 
r»:rj* = A,-2r:A,+ 2r, 
r»:r,'' = A,-2»-:A, + 2r3 



(89) 



(A^-2r)(A.-2r)(A,-2r) r^ 
(A, + 2n)(A, + 2r,)(A3+2r,)-«^ 



(90) 
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On the real Common Chords of a Point Circle and Ellipse. 
By Robert Frederick Davis, M.A. 

(1) If O be a given point in the plane of a given conic, the 
mutual relationship between point and conic is marked, first and 
foremost, by the existence of a certain determinate straight line 
(which is always real) known as the polar of O with respect to the 
conic. Next following the polar in natural order of sequence, come 
a certain pair of determinate straight lines : — 

The single real pair of common chords of the conic and a point 
circle at O. 

(2) As in the generality of cases, it will be best to rely upon 
analysis for discovery of facts, and then to look to geometry for 
elucidation. 

(3) Consider the conic represented by the equation 

x^-{-y'' = {ax + by + c){ax-¥b'y + c) (A) 

which really involves five constants, for either c or c' may be 
put =1. It represents the locus of a point which moves in such a 
manner that the square of its distance from the origin varies as the 
product of its perpendicular distances upon the fixed straight lines 

a'x + ^>'2/ + c' = f 

(4) These two straight lines (B) must be regarded as the real 
common chords of the conic and a point circle at O. They cannot 
intersect the conic in real points, and consequently lie outside the 
conic. Since any circle theoretically intersects a conic in four 
points lying two and two upon three pairs of common chords, and 
(A) may be written in the form 

2/2 _ t V ^ (^^ + by + c){a'x + b'y + c'), (t^ = - 1 ) 

therefore y±ix is one pair of imaginary chords ; and.of the other 
two pairs, one pair must be real and one imaginary. 
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(5) It may here be noted that the straight lines (B) are equally 
inclined to either axis of the conic following the general property of 
the chords of intersection of a circle and conic. For the coefficient 
of xy vanishes in (A) when o^' + 6 a = ; so that perhaps a 
more convenient form might therefore be taken as 

^+y*=(^+/*y+»')(^-/*y+»'') 

Again, when (B) represents coincident straight lines, the origin 
becomes a focus and the coincident common chords become the 
corresponding directrix. 

(6) The geometrical connexion of the foregoing is as follows : — 
If the conic be reciprocated with respect to any point O we get 
a second conic. The foci of the first reciprocate into certain straight 
lines A A', 58' ; while the property that the product of the per- 
pendiculars from the foci upon any tangent to the first conic is 
constant reciprocates into the property that the (distance OP)' of 
any point on the second conic from O varies as the product of the 
perpendiculars from P on AA', ^h'. (By using Salmon's Theorem.) 
Thus from Art. (3) we see that AA', 88 are the real common 
chords of intersection of a point circle at O with the second conic. 

(7) It will be convenient to designate the above pair of straight 
lines the Delta lines of the conic corresponding to O. 

(8) Properties of the Delta lines are therefore easily found by 
reciprocating focal properties; as, for instance, the property that 
the tangent at any point is equally inclined to the focal distances 
becomes by reciprocation the part of any tangent intercepted by the 
Delta lines is divided at the point of contact into two segments 
which subtend equal or supplementary angles at O. 

(9) The Delta lines intersect upon the polar of O. Also if 
2, o- be the poles of the Delta lines, then C2, Co- are equally 
inclined to either axis. (The points 2, o- correspond to the direc- 
trices of the reciprocated conic.) 

Figure 25. 

(10) Let UU' be a straight line outside an ellipse meeting the 
ellipse in the imaginary points w, w'. Then T the middle point of 
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WO)' is real, and is found by drawing the tangent at P parallel to 
UU' and producing CP to meet UU' in T. 
Also o)T (or = (uT) is given by the equation 



CP^ " OD- 

where since CT>CP ioT is negative. Through T draw TO 
U to UU' (i.e., parallel to the normal at P). Then if a point 
circle at O pass through w, w' 

OT*+o)r-=o, ■ 

CT- OT^ 
hence _ i 

Hence O lies on the concentric hyperbola passing through P 
whose conjugate diameter is =CD and is perpendicular to CD. 
This is obviously the confocal hyperbola through P (for at their 
point of intersection CP is a common semi-diameter, and the con- 
jugate semi-diameter = (SP . SP)^ in each case though in perpendi- 
cular directions). 

(11) Since in Fig. 25 O may lie on either side of UU', we 
see that to any line outside an ellipse correspond two determinate 
points the point-circles at which have the given line as their common 
chord with the ellipse. 

(12) To determine therefore the Delta lines corresponding to any 
point O with respect to a given ellipse, we have the following 
construction. Draw the confocal hyperbola through O intersecting 
the ellipse at the extremities of the equi- diameters PCP', pC]?' ; 
draw OT parallel to the normal at P to meet CP produced in 
T ; and through T draw UU' perpendicular to OT or parallel to 
the tangent at P. Then UU' is one of the Delta lines required : 
and a similar construction gives the other. 

(13) If upon CP, Gp points Q, q be taken respectively such 
that CQ.CT = CF = C/?* = Og.C^, then Q, ^ are obviously the 
points in which the tangent at O to the confocal hyperbola meets 
OP, Cp respectively. Consequently Q, O, q are in a straight 
line ; and UU', uu' intersect on the polar of O. See Art. (9), 
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(14) Varions geometrical properties may be noted. By reciproca- 
tion we find that if R be any point on AA' (see Fig. 26a), and 
R2 intersect the curve in Q, Q', then OQ, OQ' each divide 
the angle ^OR into parts whose sines are in the ratio e : 1, and 
consequently the range {RQwQ'} is harmonic, as we should 
expect. This interesting result may be otherwise stated : If BC 
be the fixed base of a triangle whose variable vertex F describes 
a straight line, the locus of Q taken on PC such that 
sinQBC : sinQBF is constant is a conic. 

(15) Again (in Fig. 266), if the tangent at Q meet A A' in 
Z, and Q2 meet AA' in R (and the curve in Q'), ZOR is 
a right angle. Whence ZQ' is the tangent at Q' ; and the con- 
jugate points Z, R subtend a right angle ^t O. Thus given a 
straight line outside an ellipse, the circle described upon any pair of 
conjugate points lying on that straight line passes through two fixed 
points — the point circles at which have the given straight line as 
their chord of intersection with the ellipse. 

(16) The pedal of an ellipse with respect to O is found by 
reciprocation to be the locus of a point whose distances from three 
points (one of which is O and the others the feet of the perpendi- 
culars from O on the Delta lines) are connected by a linear relation 
(bicircular quartic). 

(17) Since in Fig. 266, OQ^ varies as the product of perpendicu- 
lars from Q on Delta lines, OQ is a maximum (therefore OQ normal 
at Q) when this product is constant for two consecutive positions of 
Q. From the properties of the rectangular hyperbola we know that 
this is the case when the tangent at Q intercepted between the 
Delta lines is bisected at the point of contact. Thus we are led to 
the conclusion that for any pair of Delta lines the tangent to the 
ellipse can assume four positions in which the intercepted part is 
bisected by the point of contact, and consequently the points Z, Z' 
are then equi-distant from O. 

(18) I have already shown in the Reprint to the Educational 
Times, Vol. LIV., Appendix 1, that when A A' touches the ellipse 
and consequently 2 lies on the curve, o- in this case becomes the 
Fr^gier point of 2 and 88' the Fr^gier line. 
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(19) To the best of my belief the late Professor Wolstenholme, 
in his monumental collection of problems (containing as it does such 
a vast store of interesting matter relating to Conies), does not indi- 
cate any construction for the Delta lines, or specify their equations. 

Dr. James Booth was evidently aware of their existence, and, in 
the special case only in which O lies on the axis, employs their 
properties in his " New Geometrical Methods," Vol. I 

Dr. Taylor, in his " Geometry of Conies," mentions their exist- 
ence, but gives no construction. 

I conclude with the following analytical notes. 

I. To find the value of X for which the equation 

(x-a)= + (y-^)»-A(^+^-l) = (A) 

represents straight lines ; in other words, to find the common chords 
of the ellipse and a point-circle at a, jS, 
The discriminant must = 0, or 

It will be found that one value of A = 0, as we should a priori 
expect since the lines (t/ - ^) = + i(x - d) form one pair of common 
chords. 

The other two values of A are given by the equation 

A2 + A,(a2 + /32-a«-62)-(6V + a2/3^-a26'^) = 0. ... (B) 

Note if a, /? lies on the ellipse, another value of A = 0, and 
the third value of X^a' + h^ -a?- f^, 
and the real common chords are 

which may be thrown into the form 

(a«-6^)|- + ^-lU-~-^-^^'l = 

the factors representing the tangent at (a, P) and the Fregier line 
corresponding to a, ^. 
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Again, if a, ^ lies on the orthocyclic circle the two values 
of X are = ± (6 V + a'^ - a'6«) 

From (A) the lines will be real or not, according as the parallels 
through the origin are real or not : that is, according as 



i'-'J-^A'-iV'" 



has real or imaginary roots. 
Since this may be written 



A .6' 



we see that X must lie between b^ and a\ 

Now in (B) if we substitute k = a^ and •A = 6* we get 
{a^ - b^)a? and {h^ - a^)/3^ respectively, the first of which is positive 
and the second negative. This shows that (B) has always a real 
root between 6- and a^ 

II. If P be a point on the ellipse whose excentric angle is a, the 
coordinates of P are acosa, ftsina. It can be easily verified that 
the semi-axes of the confocal hyperbola through P are 

ccosa, csina where c^ = a^- b\ 

_ a^co^^a b^svn\L ^ , « o o . « 

For — — - — ., . - = 1 , and cxos'^a + chm^a = c\ 
c-cosa c^siir 

If O be any point on this confocal hyberbola its coordinates 
may be taken as ccosasec</) and csinatan<^. 
Now I have actually verified that the equations 

(x - ccososecc/))^ + (2/ - csinatanc/))'^ 

-ojcosa + ~-j-y sina - (asec^ - 6tan<^) \ 



[-. 






X I — ojcosa - — 2/sina - (asec^ + 6tan^) 5- 

^^^ W "^ ^ " l)(a'^sin2a + fe^cos^a) = 

are identically equal. 
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This shows that the real chords of the point-circle at the point 
whose coordinates are ccosasec</> csinatan</) 
are the straight lines 

I — a;cosa - asecc/) ) ± I "t* ysina + 6tan</) I , 
which expressions are probably new. 
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Note on Triangle TransformaUons, 
By R. F. MuiRHEAD, M.A. 

The investigation given in the following Note was suggested by 
a passage in the paper by Mr Lemoine, presented to the Society by 
Dr. Mackay at a recent meeting. The main subject of that paper 
is what he terms the " Transfoftnation continue dans le triangle et 
dans le tdtraedre " ; for the explanation of that phrase and other 
terms connected with it, the reader is referred to the paper just 
mentioned. In the notation for the quantities connected with the 
triangle, however, I shall follow Dr. Mackay *s system as explained 
in his paper in Vol. I. of our Proceedings. 

I shall use, moreover, the letters a, j8, y provisionally as sym- 
bols of operation, to denote what Mr Lemoine calls " la trans/orma- 
tion eorUinue en A, en B, en C " respectively. Thus, as shown in 
Lemoine's paper, 

(Ui = a^ ah^ -b, aA = - A, aB = tt - B, etc. 

A compound operation such as j8a . A I shall use to mean 
/?(aA), and — to denote the reverse of the operation a. Thus 

aB = TT - B, and B = — (tt - B) are taken as equivalent equations. 
a 

When an equation like a = /3 occurs, it shall mean that, with 
respect to the functions considered, the operation a is equivalent to 
the operation fS ; and a = 1 shall mean that the operation a 
leaves the functions under consideration unchanged. 

Now in Mr Lemoine's paper he gives a list of four kinds of 
cases, with respect to the variety of results got by applying 
a, P and y to triangle-identities, which may be indicated by the 
following typical cases : 



0) 


a = ^ = y = l • 


(2) 


a, P,y,l all diflferent 


(3) 


a=.-l=t=i3 = 7 


(4) 


a = )8 = y+l 
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He states that all these are found to occur, but that he has not 
yet found any case of the following type : 

(5) a=l, /?, 7, 1 all different. 

The object of this Note is to account for the non-occurrence of 
such cases. We may complete the list of typical cases by 

(6) a + 1, ^ = 7=1 

(7) a + l, ^8 = 7+1. 

We have 7(a) = - a 

a^7(a) = a(a) = a 
Similarly a/?7(r)=-?', aPy(ri)= -r^t etc. 

In fact, if F denote any function whatever, we have 

aPy{F{a, 6, c, s, s^, 8^ Sg, r, r^, r^ r^ h^, h^ h^, A, R)} 

= {F(a, 6, c, 5, Si, So, 53, - r, - rj, - ro, - rg, ] 

-/«,, -7^2, -A3, -A, -R)} j 

Thus the compound operator afiy changes the signs of certain 
letters, but leaves them otherwise unaltered. 

Now if any identity connecting the functions of the general 
triangle be written in the form F = 0, it is clear that the identity 
will not be altered by applying the operation a/?7, so long as F 
consists of terms which, with respect to the letters ?•, r^, • . • . R 
(whose signs are changed thereby) are either all of even dimensions, 
or all of odd dimensions. Such terms will hereafter be referred to, 
for brevity's sake, as even, or odd simply. The letters a6 • . • • Sg 
whose signs are unchanged by the operation a^y are not to be 
reckoned in this connection. Omitting for the present, then, all 
reference to identities in which F is a mixed function, we may say 
that afiy = 1, ix, the operator afiy reproduces the same identity 
as we start with. 

Now it is easily proved that a^F = F, whatever the function 

F may be, or, as we may write it a^=l, whence a = — . And 

a 

the same is true as applied to an identical equation. 
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But since a^y = l, restricting ourselves to identities which 
are not mioced, we have a . a^y = a 

.-. a*/3y = a .\ ^y = a 

Hence if a=l, i8y = l .-. 3 = — = y 

r 

This shows that case (5) cannot occur. 

Conversely if j8 = y, we have ^y = y^ = 1 .-. a = 1 

This shows that cases (6) and (7) cannot occur. 

We may sum up these results by saying that if a = 1, then P = y; 

and vice versa. 

Now it may be asked, Are there not tnioced identities which give 
results of the types (5), (6), (7; ? The answer is that there are ; but 
they are always composite identities, which may be reduced to two 
or more simpler ones. In fact, if any identity be expressed by F = 
when F = Fi + Fo , Fi being an odd, and Fg an even function, as 
explained above, then applying aj8y to the identity Fi + Fg = 
we get a new identity - Fi + Fg = 

whence Fi = and F2 = identically; i.e. F = is composed 
by adding together two identities F^ = and Fg = 6. It is easy 
to manufacture such cases, e.g., 

sr - Sjri + rr^ - s-rS^ = 0. 

This is an identity which belongs to the type (5). 

1 have in the foregoing omitted all consideration of the angles 
A, B, 0, for the reason that they introduce further complication. 
In fact 

a^yF(A, B, C) = F( - A, - B + 2w, - C) 

so that the characteristic property of (aPy) is less simple. It is 
clear, however, that so long as only such functions of A, B, C as 
are unaltered except in sign by substituting - A + 27r for - A, etc., 
the results will be the same as before, A, B and C being reckoned 
along with r, r^ etc., in counting dimensions. 

Thus any formula may contain any trigonometrical function of 

A A . 

A or of any multiple of A, also cot— , tan— , without making 

any difference in our conclusions But if such functions as 

A A 

cos— , sin— occur, the above conclusions cannot be drawn ; and 

2 o 

I doubt whether in such cases we could even depend on the validity 
of the " transformation continue " itself, without special precautions. 
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Fourth Meeting^ February Stk, 1895. 



J. S. Mackay, Esq., M.A., LL.D., F.R.S.E., in the Chair. 



Theorems in the Products of Related Quajitities. 
By F. H. Jackson, M.A. 



§1. The object of this Note is to prove 
theorems : 


the 


following 


-,v y n ' n+1 _ 




\ 


71 . n + 1 • n + 2 , 

3 , a_„_A 


+ ••• 




in which a „ = l ^- and the series is sub- 



(2) 



a + n* a + n-l a+l* 

ject to conditions for convergence. 

P(0) ^ P(y) ^ P(2y) 

-^^ - »Ci ^^ + „a — ^-^ to w+ 1 terms 

x + n ^aj + w-l " -ic + n-2 

= ( _ 1 \«_?_iZLl • P(^ + ^2/) 
a; + w ! X 

P(0) - „CiP(y) + nO^Pi^y) to n + 1 terms = (3) 

N(0) - „C,N(y) + nC,N(22/) „ „ „ ^ ( - y)". r. ! (4) 

in which P(y) = (a + 2/)(6 + y)(c + 2/) to jo factors 

N(y) = (a + 2/)(& + 2/)(c + y) .... to w factors 

and the quantities abed • • • • a? are unrestricted. In theorem (2) 
/?<w, but in (3) p<n 
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The following theorems are derived from the above 



03 ! n ! (x + a) 

03 + 71 ! 



p 



(5) 



H,-„c/i^+ ^ , «>-n!n! (^+«V 

« a;-l ^ x\ x-n 

(p<n) 

(ar),-,C,(a! + y).+ .. +(- l)-(a: + „y), = (-y)-n ! (7) 

(«),-„C,(a: + y),+ ...+(-l)-(a: + «y),= (p<n) (8) 

These correspond in form with the following theorems in the 
products of equal quantities (powers) 

and three others formed from (6) (7) and (8) by changing subscript 
letters to indices, thus {x + !/)„ to (a; + y)". 

§2. The theorems in powers corresponding to (7) and (8) are 
given on page 372 of 0. Smith's " Treatise on Algebra," and are 
mentioned here because of their similarity to (7) and (8). All the 
other identities are new to me. It would appear that, from most of 
the algebraical identities involving positive integral powers, other 
identities may be derived by substituting suffixes for indices. Thus 
Vandermonde*s Theorem corresponds to the Binomial Theorem, and 
it is easily deduced that 

(a + 6 + c + ... to m terms), = s( ^''yy?'"" to m factors]., 

pqrs n being positive integers subject to p + q + r-{-8-\ =n. 

This corresponds to the Multinomial Theorem. It is possible to 
extend this for negative values of n , a_^ being interpreted as in 
theorem (1). Both the theorems (5) and (9) are particular cases of 
(2). May not the Binomial Theorem and Vandermonde's Theorem 
be special cases of some general theorem ? 
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Vandbrmondb's Theorem. 
§ 3. Can any meaning be attached to the theorem 

when n is not restricted, as hitherto, to being a positive integer ? 
In Vandermonde's Theorem a„ represents the product of n related 
factors a.a-l.a-2....a-w+l, and certainly so long as we 
regard a„ as the product of n factors such expressions as 

2 "5 

seem beyond our comprehension. Exactly the same might have 
been written of the quantities 

p 1 

so long as d^ was regarded as the product of m factors each 
equal to a. The Binomial Theorem, until fractional and negative 
indices were interpreted, was a finite algebraical identity ; but as 
soon as a fundamental law a'^xa*' = a*"+", was assumed in the 
Theory of Indices, then the expressions 

were interpreted, and the Binomial Theorem was shown to hold 
(with certain restrictions) for fractional and negative powers. 



§ 4. Now in the expressions a^ , a„ , (the usual meanings being 
attached) we have these relations 

a„x(a-n)^ =««»+« (a) 

• a^x(a-m)„ =«,„+„ (p) 

a,,x{a-n)^„ = a^ (y) 

These are all expressions of one law. Let us assume this law as 
general and interpret a_„ , ^o > i^ accordance with our assump- 
tion. 

In the relation (a) put n = then we have aoXa^ = a^ 
whence a<, = 1 aiid this is analogous to a" = 1 . 
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In the relation (y) change n to - r 
then we obtain o_^ x (a + r)^^ =* a^ 



If m and r be integers a _ = 7 r-. rr — 7 :r\ which 

** ^ (a + r)(a + r-l)...(o+l) 

is analogous to a~'' = ^ * . 

° a • a • a . • • to r factors. 



From the relations (o) and (j8) we get 

make w = — then we have ^-r- = , ^v- 

Supposing that m is a positive integer, this equation gives the 

ratio of any two functions a^, , b^ in which a and b differ by 

9 9 
an integer to, viz. : 

- o. a- 1 . a-2- • • o-TO + 1 

^ » a-^.a~^-l... a-^-m+1 
9 9 9 

and again when a is an integer 

a ! 



«P = (0).. 



' ("-fK"-f-')-('-f)- 

The function (a)p will be discussed in another paper. 
"9 

Oj must be a function of a possessing the property 

n n n 

We now proceed to prove Theorem (1). 
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] 



(A) 



(B) 



§ 5. Denote the infinite series (1) by /(-n) 

thus y[-n) = a_^ + {- n)^a_,_A + ^^^^-n-A + • • • 

Now {a + b + n)^ = (a + n + r)„, + m^{a + w + r)^-i{h - r\ 

4-— ^(a + 71 + ^)^^2(6-^)2 + •••• +{b-r)^ j 

m being a positive integer >n 

Multiply /( - w) by (a + 6 + n),„ in the following manner : 

«-« by the series on the right side of B putting r = 

(^-^^a-^-A r=l, etc. 

Then we obtain 
f{-n)x(a + b + 7i)^ 

= «_„[(« + n)^ + wii(a + n)^A + ^{<^ + ^)m-262 + . . . + 6„»J 

+ ( - w)ia_„_i6, 

x[(a + w + l)^+ +(^^-l)m] 

2 ! ^ ^ 

xr(a + n + 2)„+ +(6-2)^j 

+ an infinite number of brackets similar to the above. 

Now with the interpretation of symbols in §§ (4) and (1). 

a«n-.x(a + w + s)^ = a^„_, and 6.x(6-s)^ = 6^ 
.*. The expression (C) becomes 

+ ( - w)i . I a„_„ .161 + rriia^^^j)^ + ... + a_„_i6„+i J 

+ etc. to infinity. 
Collect the resulting terms diagonally. 



(C) 
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We obtain o__ 



+ ««^-.A[2-, + -yrfr ^ -yr J 



+ «<,^«_J — ^+ ■ • • +- — ^ 

+ • • • • an inlinite number of brackets similar to the above. 

Now all brackets after the m-n+1'* vanish identically by 
Vandermonde^s Theorem since m-n is a positive integer, and the 
expression becomes 

V f (//i-n).. , , / ,v 

a„_« + (m - «)ia^_,_i6i + '— ^ f-a^n-A + • • + 6«.„ = (a + 6)^_„ 

. •. we have proved (a + 6)„,__„ = (a + 6 + w)„ xy( - 7i) 
(a + b),„_^ 1 



whence yi — w) = - _ 

^ (a + b + 7i)^ (o + 6 + 7i)(a + 6 + w-l)...(a + 6 + l) 

which in our notation = (a + ^)_n 

Conditions for the convergence of J{-n) can easily be ob- 
tained. 

§ 6. To prove Theorems (2), (3), (4), etc. 

It is well known that 

XX ^ • 

1 r „Ci + r nCg - tO 71 + 1 temiS = ; = —z 

X \ n \ ^ 

we shall write the expression on the right as — '■ — - remembering 

03 + 71 ! 

that when x is not an integer it must be written in the long form. 
Multiply both sides of the identity by X'\-a in the following way. 

The first term by x + a 
„ second,, „ (a;+l) + (a-l) 
„ r+V"" „ „ (ic + r) + (a-r) 
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•we then obtain 



Now the first bracket on the left is identically equal to zero 

a ^a-1 A^«-2 ^ ,^ xlnl (x + a) 

. . „0i + nCg s to w+ 1 terms = : 

X ^x+l x + 2 x + nl X 

Proceeding in this way we shall finally obtain 

[«'-nCi(a-l)'+....+(-ir(a-n)'] 

[a'+i ^(a-l)'+^ 1 xlnl (x + «)'+' 

X x+i J x+nl x 



Now it is well known that the first bracket on the left =0 
so long as s is an integer <n, . *. we have 

/? being an integer < 7*. 



This proves Theorem (9). Replacing x + n by a and a-n by a 
we obtain 

a** /^(«+l)'' ^ .1^ x-nlnl {x + aY ,_. 

„Ci^^ ; + to w+ 1 terms = ^- '- (E) 

X x-\ xl x-n^' 



§7. Take Si = a + 5 + c + ... to p terms 

Sg = the sum of all products of the letters, two at a time. 



S, = the sum of all products, r at a time. 
Then 

P(a; + n) = S, + (a; + n)S^i + (a; + nj^^^ +...+(» + n)^, (F) 
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From Theorem (9) 

^ ' xlniy X x+l ^ x-^nJ 

so long as p<7i. Substitute in (F) then 

P(a: + «) = S,[«°-^^„C,(n-ir + ^„C,(»-2r- 

+(-l)..^0»l^' 

x + n Jx In I 

+ 8^i[n-^„C.(«-l)+ 

+(-l)..^.0l^ 

^ ' a + n Jxln ! 

+ 8^\n'-^Mn-lf+ - • - 

+(-l)«^.0'l^' 

^ ' x + n Jxlnl 

+ &][n'--^A(n-iy+ 

+(_i)»^o^"fe±!iJ 

^ ' X + n Ja; I n ! 
This expression may be written 

^^•|rS, + nS,^, + n«S^2+ +n^s1 

x\ni[L J 

+ [s^ + (n - 1)S^, + (n - IfS^, + ■■■■ ]^-Ci 
+ [Sp + (n - 2)8^, + (n - 2)'S^, + . . . . If^A 

^l V } 

= ?±^(p(n) - nC.-^'Pin - 1) + .... to n + 1 terms} 
xlnl y x + l J 

(Bin' , ^ , P(0) „p_P(l)_ . +/ iv^^'*> 
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d b 

If we replace a, by — 9 b by — > etc., then 

y y 

VM = ^^ "^ ^^^^^ + ry) . . . . _ P(ry) 

and we obtain the theorem in form (2), since y^ is common to all 
denominators and so divides out. 

Keplacing a; + w by r , we obtain 

m.n0.m^n0.^-...^(-irrz2tl^ m (G) 
r r-l r-2 ^ r ! r-n 



§ 8. Again in Theorem (G) make 

y=l, r = Xf 6 = o-l, c = a-2, etc., 
then 

P(ry) = (a + r)(a + r-l) {a + r-p + l) = {a + r)p = {a + x)p 

and we have 

(^._„C.(^'+ etc. .... .(-l)n£ZiL|iL! (^±^ 

X x+l xl x-n 

This is the Identity (6). 

If we replace a + nbya, 6 + wbya-l, c + nbya-2, etc., 
we obtain 

a; sc+l x + 2 x-{-n\ x 

This is the Identity (5). 
The left side of (3) may be written 

[S^ + O.S^, + O^S^,+ +0^S,] 

-nCi[S^ + 3/8^1 + ^^8^,+ +2/^S,J 

+ ( - irnO„[S^ + ny^^, + nV S^^ + • • + w^S.] 

+ S,[0^ - nQiy^ + nO^I'^yP - ...] 

when p is an integer <n each bracket =0 

.-. P(0) - wCiP('y) + wC2P(22/) - ... 2 0. Theorem (3) 
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If p = n all the brackets Tanish except the last, which becomes 
Sj;0- - wC,2r + nC,2"2r -.. + (- 1 )"nV] = ( - y)"« J Theorem (4) 

making a = x^ 6 = a:-l, c = a;-2, etc., we have 

{x)„ - nC,{x + y), + nC^x + 2y), -... = ( ~ y)«n ! 

(a:), - nOi(a; + y)^ + = . Theorems (7) and (8) 

Many other theorems can be obtained by varying the constants in 
(2) and (3). 



§ 9. The Differential Equation of the w** order 

1 

(E) 



(9. -P^-)^"^n + (^I 'P^-)^"'^^ + I 






affords another very interesting analogy between powers, and pro- 
ducts of related quantities. 

When the constants p and q have the following values 

Pn =«"• g'„_i = y"-' 



,n— 1 



_(a4-2)"^(a+l)" a" 
/?n-2- 2~l 1 I 1 I "^2 V 

_(a + 3);*^(a + 2)" (g+l)" o" 
^"-^"~"3!~ ~2!1 ! "^ 1 !2! 3!* 



The equation has a particular solution 
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When the constants in the differential equation have the following 
values 

Pn =(«)„• g„-.i = (y)„_i 

Pn^l = (a + 1 )n - (a)« • qn-2 = (? + 1 )n-l ~ (y), 



fi~l 



_ (a + 2), (g+l). (a)„ 
"~^ 2 ! 1 ! 1 ! 2 ! 



Etc. Etc. 

The equation (E) has a solution 

The series (F) and (G) are particular cases of the Hypergeometric 
series of the w'* order. 
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On the Conditions that a given Straight Line may be 
a Normal to the Quadrio Surface 

(a, 6, c, rf,/, g, A, w, r, w){x, y, 2, 1)« = 0. 
By E. H. PiNKEBTON, M.A. 

Let the straight line be defined by the coordinates (a, )8, y) of 
a point on it and by its direction cosines /, m, n. It may be 
referred to as the line (a, j8, y, Z, w, n). Write, for shortness, 
the equation to the quadric surface in the form F(a;, y, z) = 0. 

The line (a, p, y, /, w, n) will be a normal to the quadric 
if it is perpendicular to either of the tangent planes to the quadric 
at the points where it cuts the quadric. The equation to this pair 
of tangent planes may be found as follows : 

The line (a, ^, y, I, m, n) will cut the quadric in two points 
(x\ y\ z'\ whose distances, r, from (a, ^, y) are the roots of 

the equation F(a + Zr, j8 + irir, y + mr) — 0, 

that is, of the equation 

r'{lL + mM + nN) + 2r(ZP + mQ + wR) + F(a, ^8, 7,) = ... (1) 

in which 

2L = -^£(^b-!^-2«, 2M,2N = etc.. 

and gp^ dF(a Ay) ^ 2R = etc. 

aa 

The equation to the tangent plane to the quadric at the point 
{x\ y\ z) is 

x{ax' + hy' + gz* + w) + y(^' + ly' ^fz' + v) 

■¥z(gx' +fy' + cz' -\-w)-{-ux' '\-vy* -{-wz' + d) = 0^ 

which, on writing a + Zr, ^ + wr, y + wr for x\ y\ z\ becomes 
r(a3L + yM + »N + K) + (a:P + yQ + 2;R + S)=:0 ... (2) 
in which K = w? + vm + wn 

and S = wa + t?j8 + «;y + c?. 
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If we now eliminate r between the equations (1) and (2), 
we shall obtain the required equation to the pair of tangent 
planes in the form 

{xY + yQ + 2;R + S)2(ZL + wM + wN) 

- 2(ajP + 2/Q + «R + S)(a;L + yM + 2;N + K)(?P + mQ + nR) 

+ F(a, ^, 7).(a:L + yM + «N + K)^ = 0. 

On multiplying this equation by ZL + mM + nN, it will 
appear that it is equivalent to 

[(a;P + 3^Q + «R + S)(ZL + mM + nN) 

- (xL + 2/M + 2;N + K)(ZP + mQ + nR)7 

= (xL + yM + 2N + K)2[(flP + mQ + nR)« 

- F(a, ^, y).(fl^ + mM + wN)], 

a form which clearly indicates two planes whose line of intersection 
is given by the equations 

a;P + yQ + »R + S = 

In the equation just found write 
U for ZL + mM + wN, 
V for ZP + mQ +nR, 
and /o^ for (ZP + mQ + nWf - F(a, ^, 7).(ZL + mM + wN). 

It follows from equation (1) that /)^==0 is the condition that 
the line (a, ^, y, Z, m, w) may be a tangent line to the quadric, 
and that /> is real or imaginary according as the line does or does 
not cut the quadric in real points. 

On making the substitutions indicated we get as the equations 
to the tangent planes 

(srP + yQ + 2;R + S)U - (a;L + 2/M + 2;N + K)V 

= ±(a;L + i/M + 2;N + K)/), 

or a;(PU-LV±L/)) + 2/(QU-MV±M/5) 

+ »(RU-NV±N/t)) + (SU-KV±K/t)) = 0, 

in which the signs in the ambiguities are to be taken all + or all - . 
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Now the line (a, fS, y, /, in, n) is a normal to the quadric if it 
is perpendicular to either of tliese planes. Hence the line will be a 
normal if one of the two following sets of conditions is fulfilled : 

(PU - L V + Lp)ll = (QU - M V + Mp)lm = (RU - N V + N/))/n, 
(PU - LV - Lp)ll = (QU - MV - Mp)/m = (RU - N V - N/))/«. 

It may be noticexi that if both sets of conditions are fulfilled, the 
line is an axis of the quadric, for the line (a, )8, y, /, wi, n) is then 
perpendicular to both of the tangent planes at the points where it 
meets the surface. Hence we arrive at the known conditions that 
the line (a, )8, y, /, w, n) may be an axis, viz., 

L/Z = M/m = N/n, 

and T/l^QIm^nin. 
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Additional Note on Triangle Transformations. 

By R. F. MuiBHEAD, M.A. 

Part I. 

The chief object of this Note is to develope some simple and 
rather interesting properties of the operators a, p, y, referred to 
in my Note read at last meeting. I take for brevity the symbol fi 
to denote the compound operator 

a/3y or its equivalents yajS , j8ay , etc. 

1. If we apply /* to any function F, of a, b, c, «, «i, «2, S3, 
^> ^i> ^2> ^8> ^> ^2J ^9 ^i ^y then, as I pointed out before, fiF = F, 
if F be an even function of certain letters ; but if F be an odd 
function, then /aF= -E'; and lastly, if F = Fi + F2, where Fi 
is odd and Fg even, then /aF = - Fi + F2. 

2. The order of the operations a, )8, y successively applied, 
is immaterial. 

If F be any function of the letters above mentioned, we have 

a2F=F, ora2=l .'. a= 

a 

Again ySyy^ = /Sy^p = i^^S = 1 .;. ajSyy/g = a 

.\ fiyP^a, 

Similarly fi/iy = a .*, y/i=^Py* 

Thus any two successive operators may be transposed without 
altering the result. Hence the order of any number of successive 
operations is immaterial. 

3. Next, any succession of operations is reducible to one of 
eight operations. For by the last paragraph, any such succession 
is equivalent to a"*/?"y^, where w, n, p are positive integers. 
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But a*" = 1 or a according as m is even or odd. Hence a^p^ 
reduces to one of the following eight operations : 

i» «, /5, y, ^r, ya, «/?, a/?y ; 

which may be written 

1, a, A r. /*«» m/^» /*7» /*• 

4. These form a ** group*' of operations, i.e., any combination of 
them is equivalent to one or other of the eight. 

And using the nomenclature explained by F. Klein in his 
"Lectures on the Icosahedron ; " the periodicity oi each operation 
(excepting the first) is 2; the most extended ^^ sub-groups" are of 
the type 1, a, /xa, fi ; which again contains two sub-groups 
1, a and 1, /x. 

5 When the operation is performed on an even function, then 
/i= 1, and the group reduces to 1, a, i^, y ; with 1, a, etc., as 
sub-groups: and if on an odd function, then ft= -1, and the 
group is ±1, ±a, ±^, ±7. 

6. As pointed out at the end of the preceding Note, the angles 
ABO may occur in any functions which unaltered in absolute 
magnitude when - A is changed into - A 4- 27r, etc., without 
modifying the above results ; noting that A, B, are reckoned 
along with r„ r,, etc., in counting the dimensions as even or odd. 

Part II. (Abstract). 

7. Reference was made to the following table for transforming 
a function of the general spherical triangle into the corresponding 
function of the colunar triangle opposite to A : 

a, 5, c. A, B, C, «, s - a, s - ft, s - c, E, A - E, 

B - E, C - E, L, N, n, R, R„ R„ R„ r, r„, n, r, 

become respectively 

a, TT - 6, TT - C, A, TT - B, TT - C, TT - S + a, TT - s, « - c, « - 6, A - E, E, 

C - E, B - E, L, N, n, R„ R, R„ R„ 7,, r, r„ r,. 

The notation used is that of Casey, who gives some of the 
transformations in his Spherical Trigonometry, 



I 
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This, though similar to the transformation a in a plane 
"triangle, is not strictly analogous. 

8. Referring to the demonstration of the principle of the trans- 
ybrmation continue as given by Mr Lemoine in the Report of the 

French Association for the Advancement of Science for 1891, 
Vol. II., p. 118, and ascribed by him to M. Laisant, it was pointed 
out that a somewhat simpler point of view is possible : from which 
it appears that many other kinds of transformations are equally 
valid. As interesting cases, the following were mentioned : 

/•i V A T^r^ 11^ A TT 13 TT O , 

(1) ABC changed to ^ " T' T ~ T' T " T 

A 
a into acosec— , etc., which corresponds to chang- 

ing from the given triangle to that whose vertices 
are the excentres of ABO. 

(2) «! » -**2 > *3 changed to rj , rg , r.^. 
Some properties of both were mentioned. 

9. The suggestion made at the close of the preceding Note was 
verified by the example 

. A 



A /SgSg 

2 "A/ he 



in which, after the transformation a, the square root must be 
taken negatively. 

Added Note, — Dr Mackay having pointed out that a, ^, y have 
already been appropriated to denote certain quantities connected 
with the triangle, the author suggests the symbols ^j, t^ t^ to 
replace a, p and y, in cases where these symbols have other 
meanings already ascribed to them. 
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Examples of a Method of Developing Ijogarithms and the 
Trigonometrioal FnnctionB without the Galoulus by 
means of their Addition Formulae eknd Indeterminate 
Coefficients. 

By John Jack, M.A. 

[Abstract.] 

The convergence of the series is assumed. 

The method consists in assuming that the function is equal to a 
certain power series with undetermined coefficients, substituting 
these series in the addition formula. This gives an identity. 

Ex. gr. sin^^a: + sLir^y = sin-^(a; Vl -y^ + y ^/l -a^) 

+ ajy + a^+a^ + -") 

^ a,{x JT^^ + y s/T^^)-ha^{x jr^ + y jr^f 
+ a.,{a JT^ + y Jl^^f + ... 

Picking out coefficient of y, we get 

«! =. Oi + function of x. 

Now this function of x must = , and therefore the coefficients 
of the powers of x must each = 0. From this it can be inferred 
that the function contains only odd powers of x , and the coeffici- 
ents can easily be determined. The inverse function can be 
developed in the same way, and in the case of sinos or coso; with 
greater ease and completeness. I have found the development of 
sinamo^ii cosamcc, and Aamrc and sinam~'a; in the same way. 
The n^ term in the expansion of tana; is not given by this plan, 
that of sin^^cc can be inferred by induction. No. 2 has been 
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done of course in practically the same way, but is given on account 
of its intimate connection with No. 1. I give 

(1) logo; (3) sin-^o; (5) tan-^x 

(2) log"^a; or e* (4) sina;, cosaj (6) tana; . 

The method seems symmetrical and quite elementary. The analogy 
between sin, cos, tan, and sinh, cosh, tanh, can be readily seen 
without at all using the imaginary ^ by developing by this plan. 



1. To develop log I + a; in a series of powers of x 
log(l + a;)(l +y) = log(l +x) + log(l + y) 

Let log(l+a;) = <^(a;) 

4>{x) + 4>{y) = 4>{x + y-\-xy) 
= 4>{x -hyl+x) 



Let €t>(x) = OiX + a^ + a^ + a^x* + a^ + 

a^x + a^ + a^ + ... 



<h{x + 2/1 + aj) + aj^x + 1/1+ xf 
+ ajix + yl+xf^--' 



Pick out the coefficient of y, 

Oi = (1 + x)(ai + 2a2a: + 3a,a:2 + ...) 
= Oi + (oi + 2a^)x + (202 + 3a8)a;2 + • 

and the coefficients of x must vanish 



.'. 


ai + 202 = 




2a2 + 3a3 = 




3a3 + 4a4 = 




4a4 + 5a6 = 


and so on. 




••• 


ai= -202 = 308= -4o4 = 5oc= -,- 


.. a« = 


Oj Oi Oi Oi , 
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and Oj must be determined otherwise. 

The other expansions are given in abstract. 



2. To find the number corresponding to a logarithm, or to de- 
velop log~^x. 

Taking as before <l>{x) = log(l + x) 

4>{x) + fl>{y) =^<f>{x + y-hxy) 

Let <f)(x) = u .'. x = <l>-^(u) 

<t>{y) = v .-. y = <tr\v) 

u + vr= <t>{<t>-\u) + <t>-\v) + <f>-\u)<l>-\v)} 

Let 4>-\ ) = «,() + «,( Y^a,{ )« + ... 

Insert these expansions in the equation just given, and pick out 
the coefficients of v. 

From the identity so obtained in powers of w, we get, by 
equating coefficients of like powers, the required relations between 
the constants ajCL^^"- 1 and finally 



Now logl +x = u and if a is the base 
a«=l+a; 

and ai must be otherwise determined. 
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3. Required the development of sin~^x. By similar treatment 
of the identity 

sin"' 03 + sin~^y - sin~'(a; Jl -y^ + y J\ -x^) 
we get 

sin~*a; = a, 

/ J^^ 3_i^ 5_.x' 35^ 63aj" 2SW^ \ 
V "^ 2 3 "*■ T^T "^ "FT '^2^~9 "'■2«n"*"~2^13"^"/ 

a^ l'3x' l-3'bx' \ 



-^\^ + Y 



24 5 ■^24.67 



and a, is otherwise found to be 1. 

sin~'a; is thus found to be an odd function of x. 



4. The development of sini^, cosi^. This is got from the 
identity 

sin~^a3 4- sin'^y = sin~'(£c Ji -y^ + y Jl -x^) 

or u-\-v = sin~^(sin?>*cosv + cositsinv. 

It is shown, first, that sinw is an odd function of u , and cosm 
an even function of u. The series are then assumed, and the co- 
efficients evaluated as above. 



5. The development of tan~'if. This is got from the identity 

X -\- ti 

tan~^ + tan"'// = tan~':j — 

1 -xy 

It is first established that tan~^a; is an odd function of x , and 
then the series is assumed and the coefficients evaluated in the usual 
way. 

6. The development of tani*. Here we have 

tanw + tan-y = tan(tfc + 1?) - tanifctanvtan(w + v) . 
Assume the series involving odd powers, and proceed as above. 

The paper ended with an expansion in terms of arcs of small 
tangents, for calculating it . 
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Fifth Meeting, March %th, 1895. 



JoHH M*CoWAN, Esq., M.A., D.Sc, President, in the Chair. 



Some Formulae in connection with the Parabolic Section 
of the Oanonical Quadric. 

By Chables Twekdib, M.A., B.Sc. 

§1.1 have ventured to bring the formulae of this paper before 
the Society, as I have been unable to find reference to them in any 
text-book or any original contribution to mathematical literature 
which I have come across. I confine my attention completely to 
the central surface, as the corresponding formulae for the para- 
boloids are very readily deduced by a similar process. 



§ 2. Let the equation to the quadric be 



where a /? y are not all of like sign. 

Let the equation to a plane parabolic section be 

lx-{'my-\-nz=p ... ... (2) 

As the parallel central plane section must also be parabolic 
and touch the asymptotic cone 2 — = 0, we have the conditions 

/« + m* + n-=l (I) 

a^ + /5m' + 7n» = (II) 

Let a=^^ + )S»m* + yV = S (HI) 
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Then S can not vanish for real values of Imrij and the 
following relations may be established : 

S = 2a«^ = 2inW(j3 - y)2 = V - 2mW^y()8 - yf (A) 

= Pm%p - a) + yn\y - a) = etc. = n^{y - a)(7 - )8) - a^ = etc. 

I3m\l3 - af + yn\y - af = S(y + ^8 - a) + ajSy, etc (B) 

These might be added to, but they are all that are made use 
of in what follows. 

Vertex. 

§ 3. The coordinates of the vertex may be found by finding the 
equation of the plane in which the vertices of the parallel parabolic 
sections lie (just as for elliptic or hyperbolic sections), and solving 
for a;, y, z with the aid of (1) and (2). 

Now the axis of the parabola is parallel to what would be the 
diameter of the section as on the quadric, and therefore its direction 
cosines are {pal^ pP^n, fyyn), where />* is therefore equal to 1/S. 

If (a;, I/, z) be the vertex, the tangent to the parabola is 
perpendicular to (pal) 

i.e., (pal) is perpendicular to the direction given by the inter- 
section of 

lx + my + nz=p 

and . ^+41+^=.! 
a p y 

and therefore the vertex satisfies the equation 

2T«(^-r)=o (3) 

Solving (2) and (3) for y and z in terms of a;, and remembering 
(A), we deduce 

yll3m = xlal^p(a-p)l& (4) 

2;/yn =aj/aZ-p(a--y)/S ... ... (5) 
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Substitute these values in (1); we have a quadratic in x, 
which, however, must have one infinite root, and which, in virtue 
of (II) and (A) reduces to 



S 



= i-ir(r+i»-«)-<^^r;>7S» by (B). ... (6) 



Similarly 

^=1 _;,«(„ + y_^)/S_a^yp»/S'. ... (7) 

^*=l-;'V+i8-7)/s-a/8ypVS^ ... (8) 

These are the coordinates of the vertex. 



Parameter. 

§ 4. Let V be the vertex, F the focus, FL the semi-latus rectum. 

If (X) be the direction of the tangent at the vertex, it will also 
be that of FL 

Now (X) is perpendicular to (Z) of plane and to (aZ) of 
the axis 

.-. AZ + MW + vti =0 I 

\ •• (9) 
and \o.l + ftjSm + vyn = I 

and . *. \\ ii'.v — mn(/i - y) : nl(y - a), lm{a - j8) 

and .-. \ =^^^^=pmn(l3-y),etc. ... (10) 

Let 47r be the latus rectum then the coordinates of F are, 
if V be (xyz), 

x + TTpal, y + TTp/Sm, z + Trpyn 



and L is (aj + irpal + "lirpnin^ - y). 
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But L is on the quadric, and V is on the quadric 

2 — {x + Tr pal + 2Tr pmn{P -y)y= I 
a 

+ Try 1 2aP + ilmn2{p - y) + 2 ^""^ }^ 

which by (2) and (3) reduces to 

47rV 



and .-. 47r = - 2a/3yp/{ - S2)/d 

= 2apypp^ by (A). 



(11) 



So that for a system of parallel parabolic sections the parameter 
is not constant, as I had at first supposed, but varies directly as the 
distance of the section from the origin. 

For the central section itself jo = 0, i,e. the parameter vanishes. 
The section then reduces to a pair of parallel lines for the hyper- 
boloid of one sheet, which are coincident asymptotes in the two- 
sheeted surface. In the former there are, therefore, an infinite 
number of pairs of parallel generators, and, from the present 
analysis, one might infer that the parameter of a pair of parallel 
lines, considered as the limiting case of a parabola, is zero. 



Focus. 

§ 5. The coordinates of the focus are given by 

^acaj + TT/DoZ, etc. 
They are therefore given by 



yn 



= 1 -|-(«+^-y)- 



(12) 
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If we consider Z, «i., and n as connected by the equations (I) 
and (II) these contain implicitly equations (2) and (3). 

For a system of parallel s^ections the locus of the foci is a plane 
curve, and the orthogonal projection on a reference plane as obtained 
by eliminating p between any two of the equations (12) is found 
to be a hyperbola whose centre is at the origin. Hence the locus of 
the foci of a series of parallel parabolic sections '2lx=p is a 
hyperbola whose centre is at the origin, and which lies in the plane 

X 

Moreover 'lix = and 2—^ (j8 - -y) = are conjugate planes, 

and hence the foci for any system of parallel plane sections parallel 
to ^Ix = is a conic lying in a plane conjugate to ^Ix = 0. 

§ 6. The equation 2-— (^ - y) = might be considered as given 
at 

along with the equation 2a^ = ; then we know that in it lies a 

hyperbola which is the locus of the foci of a system of parabolic 

sections. To find such a system, all we have to do is to take the 

diameter conjugate to the given plane, and draw the planes passing 

through it and touching the asymptotic cone. There are two such 

planes, real or coincident, since one is ^lx-0. They are not 

coincident since that would require that the diameter in question 

I i--I_Z.| should be a generator of the cone and .*. 2mWj8y(^ - y)* - 0, 

i,e., S = which is impossible. 

There are then two systems having their foci lying in the same 
plane conjugate to both (these three planes are not a conjugate 
system). 

X 

§7. The plane ^-^(P-y) = being conditioned by 2a^ = 
must therefore envelope a cone of the fourth class, whose equation is 

2{j87()8-y)V}* = (13) 

and which is therefore of the sixth degree. 

I omit the discussion of this surface, but the following may be 
noted : — 

All the foci of the parabolic sections of a quadric will lie on a 
surface whose equation may be found by eliminating l, m, w, p from 
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any five independent equations involving them. This surface would 
seem to be of a fairly high degree, but, whatever its degree, every 
plane section whose plane is at the same time tangent to the cone 
(13) must be a degenerate curve, part or whole of whose real 
intersection consists of two concentric hyperbolas, with centre at 
the origin. 



Surface of Revolution. 

§ 8. For the surface of revolution, the formulae are much simpler. 
Suppose that 13 = a, then 1//)^ = S= -ay, and .*. S is constant. 
Equations (I) and (II) become 

Z« + m'* + w*=l (I)' 

a(P + m«) + rn'-0 (II)' 



(14) 



whence n^ = - a/(y - a) 1 

P + m' = yl{y-a) j 

SO that n^ is constant, as is otherw'ise obvious. 
The parameter 

47r = 2aPypp^ becomes 

i^^2aPyp—±= = ^^^-2pJ-±, ... (15) 

V-a*y' V-ay ^ 7 

and therefore varies directly as the distance of the section from the 
origin. 

The coordinates of the focus are given by 



-ay 



^=1-^.7=1+^ (16) 



= 1-4 (17) 



am a 



^pC p" 

^= l+^(2a-y) (18) 

80 that, {n being constant), when p is constant so also is (, 
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§9. Equations (16) and (17) give lrj-m^ = 0, and hence the 
cone of equation (13) shrinks up into the s-axis for the surface of 
revolution. 

From the same equations we deduce 






r2=:f- + 7; and c- = l/(Z= + m2) = (y - a)/y. 
Hence, substituting in (16) and (18), we deduce 

jy'-'2pci' + a = Q (19) 



;>^(2a-y)-2;>-^+ya = (20) 

On eliminating p from these two equations, we obtain the locus 
of the foci of all the parabolic sections. 
The eliminant in question is 

(ya - a-2rr^y = ( - 2cray + ^^)( - 2^^^+ ler-^^"^ (21) 

and this, on replacing c and n by their equivalents in terms of 
a and y, reduces to 

a(y - a) - of - r^y + 2ar^ = 2a%rl{\ - ay). . . . (22) 

Take the square on both sides, and put a^-¥f^ for r*, z for f, 
when we obtain the locus of the foci of all parabolic sections, — a 
surface of revolution of the fourth degree, and such that all sections 
passing through the s-axis split up into degenerate curves consisting 
of two concentric hyperbolas. 
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Some Suggestions in Mathematical Terminology. 

By R. F. MuiRHEAD, M.A. 

[Abstract.] 

1. To designate the line which bisects at right angles the join 
of two points A, B, the term axis of A^ B is proposed. Reasons : — 
(1) brevity ; (2) avoidance of the suggestion that the line joining 
AB is necessary in constructing it (important in teaching Geometri- 
cal Drawing) ; (3) two points, like any other pair of circles, have 
a radical axis which is the line in question. 

(2) To designate the tangent of the angle of inclination to the 
horizontal, or to the .r-axis, or to any straight line or direction of 
reference: ^rofl^ieri^ is proposed. Reasons: — (1) Present Engineering 
usage ; (2) as compared with the word slope it has a more definite 
suggestion of the way it is to be measured, t.e., by trigonometrical 
tangent, not by angular magnitude ; (3) already in use by several 
authorities. 

(3) For unit of moment of a force on the British system of units : 
poundfoot^ and poundalfoot for the gravitational and absolute unit 
respectively. 

(4) For inverse trigonometrical and hyperbolic functions, wis, 
soc, nat^ tocj cesy cesoc, nish^ soch^ nath^ toch^ cesh, cesoch, in place of 
sirr'^, cos~^, etc., and of the continental arc sin, arc sin hyp, etc. 
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A Suggestion for the Improvexnent of MathexnatiosJ Tables. 

By W. J. Maodonald, M.A. 

If in Tables such as Chambers' the differences were given for a 
second instead of for a minute, they might be arranged (and used) 
as follows : 



30' 


Lain 


Diff. 


0' 


9 6989700 


1" 36 


, 1' 


9-6991887 


2" 72 


2' 


9-6994073 


3" 108 


3' 


9-6996258 


4 " 144 


4' 


9-6998441 


5" 180 


5' 


9-7000622 


6" 216 


6' 


9-7002802 


7" 262 


r 


9-7004981 


8" 288 


8' 


9-7007158 


9" 324 


9' 


9-7009334 




10' 


9-7011508 





To find Lsin80°4'29" 



Lsin30°4' = 9-6998441 

correction for 20" 720 

» 9" 324 



Lsin30°4'29" = 9-6999485 



Digitized by 



Google 



145 




To find the angle whose 




Lsin =9-7005632 


Lsm30''7' = 9-7004981 




651 


10" = 


360 




291 


8" = 


288 




•-^ 


the angle is 30°7'18". 





The following Resolution, moved by Mr Duthie, was unani- 
mously adopted : — 

" Considering that in the tables of lineal and square measure the 
fractional measures — viz., 5 J yds. = 1 pL, and 30 J sq. yds. = 1 sq. pi. — 
are of no practical value, and in their premature appearance in 
arithmetical study involve a grievous and unnecessary burden in 
teaching, this Society appeal to the Scottish Education Department 
to exercise its authority with a view to their abolition in schools, 
and to this end to allow no questions involving their use to be set in 
examinations under the control of the Department." 
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Sixth Meeting, 4pril 10th, 1895. 



John M'Cowan, Esq., M.A., D.Sc, President, in the Chair. 



On the Operation of Division. 
By John M'Cowan, M.A,, D.Sc. 



Snr les oubiques gauches tfqnilat^res. 

By Ch. Bioche. 

J'appelle cvMques gauches ^quilath'es les cubiques qui ont trois 
asymptotes rectangulaires deux 4 deux. Ces cubiques gauches 
poss^dent des propri^t^s qui rappellent les propri^t^s classiques de 
rhyperbole ^quilat^re. 

1. Si on prend pour origine des coordonn^es un point d'une 
cubique ^uilat^re E et pour axes des parall^les aux asymptotes, 
les coordonn^es des points de cette cubique peuvent s'exprimer par 



t-a t-P t-y 

A, B, C, a, j8, y ^tant des constantes, et t un param^tre variable. 
En effet il est visible que ces Equations repr^sentent une cubique 
equilat^re passant par Torigine et ayant ses asymptotes parall^les 
aux axes. Comme une cubique est d^terminee par six points, pour 
montrer qu*on a les Equations le plus gen^rales il suffit de montrer 
qu'on pent disposer des constantes de fagon que la courbe E passe 
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par deux points arbitrairement chpisis (XjYiZi) (XgYaZg). On a 
alors trois groupes de deux equations telles que 

A + aXj = ^jXj 
A + aXg = ^2X2 . 

Les deux equations que je viens d'ecrire donnent A et a, si Xj est 
dijfferent de Xj. D'ailleurs on peut remarquer que si on avait 
Xj = Xg , il y aurait une droite rencontrant la courbe en trois points, 
cette courbe ne serait done pas une cubique gauche. 



2. Supposons que Ton consid^re quatre points 1, 2, 3, 4 de la 
courbe E, correspondant a des valeurs t^ t^, t^, t^ du para- 
m^tre variable. Les coefficients directeurs de la corde (1, 2) sont 
proportionals k 

ABC 



{t, - a){t, - a) ' {t, - P){t, - /?) ' {t, - y){t, - y) 

Done la condition pour que deux cordes (1, 2), (3, 4) soit rectan- 
gulaires s'exprime par Tequation 

(I) 



C^ 

■^ (<i-7)(^2-7)(T3-r)(«4-r) 



=0 



L'interpr^tation de cette Equation donne diverses propri^t^s 
g^om^triques. 

3. D'abord remarquons qu'elle est sym^trique par rapport aux 
quatre indices. D'ici il resulte que les six aretes du t^traedre 
(1, 2, 3, 4) sont orthogonales. 

Done, si deux cordes d^une cubique dquilatere sont m^thogonales^ 
les extr^ith de ces cordes sont les sommets d^un tStraedre a aretes 
opposdes orthogonales ; ou autrement dit les droites qui joignent les 
extrdmitds de ces cordes sont deux a deux orthogonales. Sous cette 
derni^re forme Tenoned s'applique, sans modification, au cas de 
Fhyperbole ^quilat^re. 
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4. L'^uation( I) est du 2* degr6 par rapport k t^ , par example ; 
autrement dit, si on se donne trois points 1, 2, 3, il 7 a deux points 
M et M' qui peuvent former avec les trois premiers un t^tra^re a 
aretes opposes orthogonales. Or on sait que chaque sommet d'un 
tel t^tra^dre se projette au point de rencontre des hauteurs de la 
face oppos^e. Done M et M' sont sur la perpendiculaire ^lev^e sur 
le plan 1, 2, 3, au point de rencontre des hauteurs du triangle 
correspondant. Done la corde (Tune cvhique ^quilaihre qui eat per- 
pendiculaire a un plan, rencontre ce plan au point de concoura des 
hauteurs du triangle formd par sea troia points dHnteraection avec la 
cuhique. 

Inversement, le lieu dea points de concours des hauteurs des tri- 
angles ddterminds par la cubiqv^ sur des plans paralleles est la corde 
perpendiculaire d ces plans. 

En particulier on voit qu'il y a deux plans, parmi ceux qui sont 
parall^les a un plan donn^ qui coupent une cubique ^quilat^re en 
trois points formant un triangle rectangle. Oe sont ceux qui passent 
par les extremites de la corde correspondante. Si cette corde devient 
tangente il n'y a plus qu'un plan, c'est le plan normal. 

Le th^oreme g^n^ral qui pr^c^e peut s'^noncer encore de la fa^on 
suivante, si Von projette orthogonalement une cvhique ^uilatere sur 
un plan le point double de la projection est le point de concours des 
hauteurs du triangle formi par les points oh, le plan de projection 
coupe la cubique. 



5. Par chaque point de la cubique on peut mener une infinite de 
syst^mes de trois cordes rectangulaires. Cela peut se d^duire de ce 
qui pr^c^de, ou plus simplement de cette remarque que tout c6ne 
contenant la cubique admet ^videmment trois aretes rectangulaires 
paranoics aux trois asymptotes, et par suite admet une infinite de 
pareils systemes. 

On sait que si un angle droit est inscrit dans une hyperbole 
^quilat^re, la corde qui joint les points d*int«rsection des c6tes de 
Tangle avec la courbe est parall^le a la normale au sommet de Tangle 
droit. On a un th^or^me analogue pour les cubiques ^quilat^res. 
Si un triedre trirectangle ayant son sommet sur une cvhique 
4quilatere a ses trois aretes s^appuya/nt sur la cubique, le plan qui 
passe par les trois points o^ ces arites rencontrent la cvhique est 
paraUele au plan normal au sommet. 
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II suffit de d^montrer le th^or^me pour le cas oii le sommet de 
Tangle est a Torigine puisque Torigine est un point quelconque de la 
courbe. 

Soient (XjYiZi), (X^YjZj), (X3Y3Z3) les points ou les aretes du 
tri^re rencontrent la cubique. Ces aretes ^tant deux a deux rect- 
angulaires, on a trois relations de la forme 

X,X, + Y,Y2 + ZiZ2 = 

A' B' C 

'''' ih - a){h - d) "^ i(h - PKh - ^) "^ (^i - y)(h - 7) - 

Or si Ton remarque que 

A A (^a-QA 

on voit que T^quation pr^c^dente peut s'^crire 

A^B^C^A^B^C 
A + B 7. + C = A + B ^ + 



ti-oL h- p t^-y h-a h-¥P h-y 

ou AXi + BYi + CZ, = AX2 + BY2 + CZ2. 

Ces expressions sont ^videmment ^gales k 
AX3 + BY3 + CZ3. 

Les trois points consider^s sont done k la mSme distance du plan 
AX + BY + CZ = 
or il est facile de verifier que ce plan est le plan normal. 
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Isoperimetric 2*"n-goiis applied to finding — concisely 
by a new construction. 

By R. E. Anderson, M.A. 

Figure 27. 

1. Let AB be the half -side of auy w-gon, OB its in-radius (r), 
and OA its circum-radius (R). Draw OAi to bisect l AOB and 
AAiO ± to it meeting OB in C. Then AiB,|| to AB is the half- side 
of a 2n-gon having the same perimeter as the n-gon, OB^ its in- 
radius (ri), and OAi its circum-radius (Rj). 

Since Bj bisects BO and AOBjAj is similar to OAjO 



20Bi = OB + 00 = OB + OA, 
and O Aj^ = OB, . OC = O Bi . A, 



2ri=:r + R 
Ri'^= riR 



and 



2r2 = ri + Ri, 2r3 = r2 + R2, 2r4 = etc., 2r^ = r^i + R„_i ... (a) 
R2^ = rA, R3^ = r,R,, R/ = etc., R„« = r^R_,, ... (6) 

where R2 = OAo = OC2, R3 = OA3 = OC3, etc., r2 = 0B2, r3 = OB3, etc., 

the new points being got by drawing AjAaCi, AjAjCg, etc., respec- 
tively ± to the successive bisectors OA2, OA,, etc., and AgBg, A3B3, 
etc., ||ABor A,Bi. 

Thus, given r and R, we find r^( = OB^) and R^( = 0C„) the radii 
of a polygon of 2"*n sides which has the same perimeter as the 
original 7i-gon. The diagram shows (1) that as m increases the two 
points B^ and C^ approach nearer and nearer to an intermediate 
point K ; and (2) that the line 0K( = A;) is the radius of a circle 
having also the perimeter in question. 

Choosing the simplest case, n = 2, then if the common peri- 
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meter = 2 units, OB( = r) vanishes, R = OA = AB = J and Fig. 27 is 
modified to Fig. 28. Also, circumference of the circle = 2 = 27rA; 

.*. A; = — . Then, applying (a) and (6), we have 



r3= . 314, 208, 718, 257, 8(7) Rs= • 320, 364, 430, 968 ^ 
r,= . 317, 286, 574, 613, ... R4= • 318, 821, 788, 7... * 

r5=: . 318, 054, 181, 6(5) R5= • 318, 437, 75 



....(c) 



Thus for the 2" . 2-gon the radii agree to only 3 places. When m 
is large the following results will greatly reduce the labour of 
finding k, 

2. OAj bisects Z-AjOCi, .-. AjCi bisects lCAjBi and 
CCi>2BiB3. Thus BBi>4B,B3, BiB3>4B2B3, etc., 

and BBj + B^Bg + etc., > 4(BiB2 + B2B3 + etc.), 

i,e. BK>4BiK or k-r>^{k-r;) 

.*. finally k - r„^i > 4(A; - r^) and for a close value 

^m<^<K4^m-^m-l), ..- ^ (c?) 

Thus by (c) k - J(4re - r,) = \{2B., + r^) = • 318, 309, 89. 

Figure 28. 

To find a similar relation between the circum-radii I draw 
A^D II AjC and AgE bisecting l CjAgD. The four adjacent acute 
angles at Aj are equal .-. C2Ci<0iE<ED, CD or CiD>20i02. 
Thus CCi>40iOj, CiC2>4C2C3> etc., and, as before, CK or 
R - A; > 4CiK or 4(Ri - k). Finally R^i -k> 4(R^ - k) and for a 
close value 

R^>A:>K4R„.-R^a), {e) 

Thus by (c) without using r^ 

^(4R5 - R4) = • 318, 309, 74, ^{^r^ - ^4) = • 318, 310, 05 

A; = arith. mean = • 318, 309, 89 as above. 

When r^ and R,„ agree to p places p-\ more can be found 
correctly by treating the new circum-radii as if they were in-radii. 
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Hence a third method of contraction when k has to be found to a 
large number of decimals. Calling the radii (after R^) Oj, a^ a^-.^a,, 
we shall have 



2as = ai + a^ ' 
etc. 



adding these a; - 2 equations we get 
tti + 2a2 = 2a, + a,g_i 

= 3a, very nearly 



.-. A = ^(r„ + 2RJ, 
without finding the x-3 intervening terms. 



V) 



3. A fourth contraction may be derived from {d\ thus : 

H^-r^) <A;-r^i gives «* = ^(4r^ -r^i) 
4(A;-r^i)<A;-r„_o „ v = ^(4r„_i - r^..) 

and 16(k-u)<k-v 

.*. for a close value A; = ^(16w-i;), 

Thus, using (c) 

t^ = i(4r5 - ^4) = • 318, 310, 050, 7 
t;=i(4r4-rs) = -318, 312, 526, 7 



.-. by (^) 



whence 



A;=-318, 309, 886, taking 9 places; 
— = 7r = 3 • 141, 592, 65 (54) by division. 



(S) 



It may be noted that if in Fig. 28 a quadrant BKMN be drawn 
its arc is exactly measured by the line AB, and its area is exactly 
measured by the rectangle BN . BBi . 



* This result is g^ven by Gergonne {Annales, Vol. VI.) with a more compli- 
cated proof, and recently by MM. Rouch^ and Comberousse with a different proof 
still more intricate {Traits de 04om., 6th fed., 1891). For knowledge of the latter I 
am indebted to John S. Mackay, LL.D, 
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On the use of the Hyperbolic Sine and Cosine in 
connection with the Hyperbola. 

By Lawrence Crawford, M.A., B.Sc. 

The excentric angle notation in the ellipse is extremely useful, 
and in part we can replace it by the hyperbolic sine and cosine in 
connection with the hyperbola. 

Take the hyperbola Qi?ja^ - y^/b'^=l, then the coordinates of any 
point on it may be written acosh<^, 6sinh^, for cosh^<^-sinh*<^=l. 
The objection to its use in all cases is that the hyperbolic cosine of 
an angle is always positive, so that (acosh<^, 6sinh<^) can only repre- 
sent any point on the branch on the positive side of the axis of y, 
for any point on the other branch we must take its coordinates as 
( - acosh<^, 5sinh</)). 

Figure 28. 

Take up the discussion of conjugate diameters in this notation. 
Take a series of parallel chords, joining, first, points on the same 
branch, and let QQ' be one of them, to find the locus of their 
middle points. 

The line joining the points {x^y^{x^y^ on the hyperbola has the 
equation 

x{x^ + a^g) y(y, + 2/2) . ^1^2 _ ViV^ 
a^ b'' ~^"^ a^ b^ 

. *. if we take Q as the point (acosha, 6sinha), Q' as (acosh^, isinh^) 
the equation of QQ' is 

— (cosha + coshjS) - -|-(sinha + sinhjS) = 1 + coshacoshjS - sinhasinh^ 

%.e, 2 — cosh— — ^cosh— — ^ - 2-7-sinh— — ^cosh^-^ = 1 + coshfa - B\ 
a 2 2 6 2 2 ^ r-/ 



= 2cosh2 



a-^ 



i.e. 



2 

— cosh ^ -- -7-sinh - ^' = cosh— ~- . 
a 2 b 2 2 
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If then we are to have a series of parallel chords we must join 
points, parameters a and ^, such that 

— coth is constant. 

a 2 

i,e. such that a + ^ is constant. 

Join then points, parameters X + /a and A. - /i, keeping X constant 
and varying /a, then we shall get a series of parallel chords, the 
gradient of which is 



a 2 a 

Now the middle point of the line joining the points, 



(acoshA. + fjLj 6sinhA. + /x) and (ocoshA. - /i, 6sinhA. - /x) 



is { ^a(coshX + /* + coshA. - fi), J6(sinhX + /x + sinhX - fi)} 
i.e. (ocoshXcosh/x, &sinhXcosbfi) 

. •. this point lies on the line y = — tanhX . x 

.*. the locus of the middle points of this series of parallel chords, 

gradient — cothX, is the line y = — tanhX . x 

Let us draw now a series of chords parallel to this latter line, 
y ^ — tanhX . X, and find locus of middle points of them. 

Take a line joining two points on opposite branches, 
(acoshy, ftsinhy) and ( - acosh8, ftsinhS), 
its equation is 

— (coshy - coshS) - -^-(sinhy + sinhS) = 1 - coshycoshS - sinhysinhS , 
using the form we already quoted, 

i.e. 2-sinh5^8inh5^ - 2 -fsinh^^osh^ = 1 - cosh(y + 8) 

27 + 5 



= 2sinh2-^ 



2 



%,e. 



^ . 1 7"^ y I 7""^ • u7 + ^ 
— sinh-^-r f-cosh-^-jr— = smh-^— — 
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7 R 

The gradient of this line is — tanh-^— — - , and we wish it to 

a 2 

be — tanhX , so join points, parameters y and 8, so that y == v + X, 

5 = 1/ - X and keep X constant but vary v, then we get a series of 

parallel chords, gradient — tanhA.. 
a 

The middle point of the line joining the points 



(acoshv + X, 6sinhv + A) ( - ocoshv - X, 6sinhv - X) 
is (asinhvsinhX, 5sinhvcoshX) 

.'. this point lies on the line y = — cothX. x, which is therefore the 

a 

locus of the middle points of this series of parallel chords, but this 

line is parallel to our original series of parallel chords, 

.'. we have the lines y=- — tanhX.a;, y = — cothX.a; bisect each 

chords parallel to the other. 

Thus the product of the gradients of two conjugate diameters is 



The line y = — tanhX . x cuts the original hyperbola in P, which 

* r 

is the point (acoshX, 6sinhX), while y = — cothX . x cuts the con- 

€f/ 

jugate hyperbola, a^/a^ - y^/b^ = - 1 in the point (asinhX, 6coshX), 
say D. 

These simple expressions for the coordinates of P and D give 
readily the theorems for example that CF* - CD^ = a* - b\ that PD 
is bisected by the asymptote, and that tangents at P and D to the 
original and conjugate hyperbola respectively meet on the same 
asymptote. 

Taking also again Q as the point (acoshX + /x, bsinhX4-/A), and 
Q' as (acoshX - /a, 6sinhX - /a), and V as the middle point of QQ', we 

easily prove 

QV2 : c V^ - CP : : CD^ : CP^ 

which gives the equation of the hyperbola referred to the two con- 
jugate diameters CP, CD as axes. 
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Seventh Meeting, May \Oth, 1895. 



Wm. Peddib, Esq., M.A., D.Sc, in the Chair. 



Proof of a Theorem in Oonics. 
By R. F. MuiRHEAD, M.A. 

I. 

In text books of Plane Coordinate Geometry, two methods are 
usually given for investigating the condition that the general 
equation of the second degree : 

<^>^aar^-hf^\■cz^-\'2fyz^-2gzx +2)101^^0 

may represent a pair of real or imaginary straight lines. 

The first is by identifying </> with the product of two linear 
factors, say W = {lx-\'my-\-nz){l'x-\-m'y-\-n'z),y 

Equating coefficients, and eliminating ?, m, n, l\ m', w', we get 



a h g 
h h f 
9 f <^ 



= 0, or. Discriminant = 



as the condition required. 

The second method consists in solving </) = as a quadratic 
equation in a;, and deducing the condition that the expression in 
y and z under the radical sign, should be a perfect square. 

This as before, gives the condition : Discriminant = 0. 

We may note by the way that of these two methods, the former, 
strictly speaking, proves only the necessity, and the latter, only the 
sufficiency of the condition ; so that the propositions proved are 
converse, one of the other. 
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The object of this Note is to point out a short way of performing 
the elimination required in the former method, by forming the 
determinant which is the product of the two zero determinants 



I, V, 




I', 


I, 


m, m', 


and 


m', 


m, 


n, n', 




n'. 


W, 



The product is the symmetrical determinant 

ir + ri, Im! + I'm, ln'+ I'n 
mr + m'lf mm' + m'trif mn' + m'n 
nl' ■{■ n'l, nm* + n'm, nn' + n'li 



which is of course identically equal to zero. 

But if </) is identical with Xk' the determinant is obviously the 
same as 

a h g 

8x h h f 
9 f <^ 

Thus the discriminant of </> is zero if <^ represents a pair of straight 
lines. 

Of course XX' = is the standard form when we have a pair of 
real straight lines ; and can only represent an imaginary pair when 
some of the coefficients are imaginary. The standard form for a 
pair of imaginary lines (or point-ellipse) would be X* + X'^ = 0, where 
X = /a; + my + nsj, etc. 

In this case the identification with <^ gives 

a = Z^ + Z'^, /= mn + m'n'^ etc., etc. 

And the elimination of Z, m, w, V, m', n' can here be performed by 
squaring the zero determinant 

I V o 
m m! o 
n n o 

and substituting a for ?* + Z'^, /for mn-^-m'n', etc., in the result. 
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IL 



It occurred to me recently that this method of getting the con- 
dition discrimincmt = by multiplying two determinants, might be 
capable of application to discuss the discriminant in the general 
case. I have only had leisure to make a beginning in this direction, 
and none to look up the literature of the subject ; but the following 
results seem interesting, and are new to me. 

Suppose the general expression </> put into the form 

where pp'p" are constants and k = lx + my + nZy etc. ; thus we have 
a=pP -^p'P +p'T^, f=pmn + p'm'n' +p"m"n", etc., etc. 



is obviously 



and the discriminant 


1 
1 


a 


h 9 1 








h h f 








9 f c 






the product 


I I' I" 




pi, pl\ 


p"l" 




m 171 171 


X 


pm, p'm\ 


p"m" 




n n' n" 




pn, p'n\ 


p"n" 


which may be written 


I V I" 


2 




pp'p"x 


m ml m" 












1 


% n' n" 







and this is —p . p\ p". NN'N" x twice area of triangle formed by 
the lines A = 0, A' = 0, X" = ; where N, N', N", are the minors of 

This of course vanishes when the lines are concurrent, in which 
case <^ is expressible as the sum of two squared linear terms ; and 
also when pp'p" = 0, i.e. when one at least of the squared terms is 
awanting. 

The lines X = 0, A.' = 0, A." = form a self -conjugate triangle for 
the conic; and such triangles are triply infinite in number for a 
given conic. We get the same result as to the possible number of 
ways of expressing <^ in the form pX.^-^p'X'^ + p"X"^ by noting that 
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there are 8 independent ratios between the coefficients of the latter 
expression, and only 5 in <^. 

Again, it appears that the discriminant may vanish in virtue of 
jo" being zero, in which case the value of A" might be anything 
whatever ; in fact, it seems that in such a case, while two sides of a 
self -conjugate triangle must pass through the centre of the conic, the 
position of the third is quite indeterminate, a result which is obvious 
also from the geotnetrical point of view. 
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Theorems in the Frodacts of Belated Qaantities. 
By F. H. Jackson, M.A. 
§ 1. Let (x)n denote the function 

then 

(a; + r)„ (a; + r- 1), ^(a; + r- 2)„ 



|r_|_0_ | r-l I 1 | r-2 |2 

In Gamma Functions the above may be written. 

T(x) T{x- l) r(a,-2) 

••'^irv rC + '-^ai 



T(x-n) ' T(a;-n-l) ■• T(x-n-2) 

By using the theorem (1) I shall obtain a purely algebraical proof 
of the well-known theorem 

viaB.\ n(y-i)-n(y-a-^-i) 

^>("' P' y^ = n(y-a-l)n(y-/3-l) 

where 11 denotes Gauss's 11 Function and Fi(a, /5, y) denotes 
the Hypergeometric Series in which the element x^=^l. 
It can be deduced from (1) that 

1 - A^^+ A-^-,-if^' -•••• = tS" * P-^^^y ^'^"^"sy with...(3) 

Wl W2 V-^/r 






1 p v^-^^; , n 



r is not necessarily an integer in (3) and (1). 



See §7. 
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§ 2. A fundamental property of the function (x)„ is 

whence we get (x)„_^ x{x-n'hr),x(x + r - s)^^ = (a; + r - s)„ 
Now the (« + iy* term on the left side of (1) =(. IV ^^'"^^""^^" 



which may be written 



Since (a; + r - s)^_, — when r and s are both integers — may be 
written in the form 

(x + l)(a; + 2){x + 3)- • {x + r - *) = ( - !)'-'( - x - 1),_, 
... the (. + ir term . ( . i).(fi).iz:(^^ 



The expression on the left side of (1) may be written 



By Vandermonde's theorem* the expression with the large bracket 

= { - X - I + X - n + r)^ = {r - n - 1 )^ 
Expression (4) becomes 

( - 1) -T^— ( " »* - l)r = p {^)n^ 

which proves theorem (1). 

*See§7. 
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§3. Now W.-r(^?:-)\y 

Replacing ( ), by Gamma Functions, the theorem (1), after mul- 
tiplication throughout by \r becomes 

r(a; + r+l) r( x + r) r{x + r-l) 

r(x + r-n+\) ' ^V{;x^r-n)' ^(x-l-r-n- 1) 

r (a:+l) r(x + l) 

substitute }/ for a; + r + l, then (5) becomes 
r(y)__ r(y-l) r(y-2) 

Remembering that r(y) = (y- l)r(2/- I) on division throughout 

. r(y) . 

by ^=- we have 

r(y - »t) 

this may be written 

(.r - n)^ r ■ r - 1 (.x' - n). r • r - 1 • r - 2 (a; - 7^ 3 ^(n)^ 
(^•)i '^\ (X), 3! (a:)3 ■^•* (x), ^ ^ 

analogous to the Binomial Expansion 

(.T - w) r • r - 1 (a; - n)' (n)*" 

"'""(X)' "^^ (^f =(^' 

The Expansion (5) has been obtained on the supposition that r is 
a positive integer ; but it will be shown later to hold for negative 
and fractional values of r . 
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§4. To consider the expansion in general of f{x-\-y) in the 
form Po + Pi(a;)i + T^{x)^ + • • • • + P,(a;), + • • • • 

where Pq • Pi • Pj- •• are functions of y only or constants. Assume 
that /{x + y) is capable of being expc^nded in a convergent series 
of the above form then 

^a; + 2/) = Po + P,(a5)i + P2(a;)2+- ••+P.(.^).+ -- 

By giving x the values • 1 • 2 • 3 • •• in succession we obtain the 
following equations to determine Pq • Pj • P2- • • • 

Av) =P. 
y(y+i)=p,+p. 

/(y + 2) = P„+2P, + 2-lP, 



Ay+^)- 


= Po + r-P, + r-i--l] 


From which we obtain 

p Ay) 

p Ay+^) Ay) 

1 1 1 1 1 1 


p Ay-^r) 

|r |0 


\r-l |1 |r-2 


which is that 





|0 |, 



fia, + y)Jl'i\-l)'l'f';^-^-{x\ (7) 



subject to the convergence of the series. 
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§ 5. The expansion of (x + y)„ , n being unrestricted. 
The coefficient of x^ will be 

|_n |_0_ |n-l |J_ | n-2 |^ 

.... ,/ lY (y)n _ n'n-l-n-r + l 

1^1^ "" l:!L 

(by Theorem (1) ). 

. wn- 1 
.-. (a; + 2/)„ = 2/« + W2/«-i^ + — Tg yn^^+ .... 

n- n - 1-- a; -r + 1 .qv 

+ yn-r^r+ " ' ' * (8) 

This is the generalised form of Vandermonde's Theorem ; the proof 
depends, as will be seen on reference to §2, No. 4, on Vander- 
monde's Theorem for positive integral values of the suffix. 
To expand a* in a series of form (7) 

«»• a*-^ a® (a-iy 

wehave P, = -^ — ta-"! rrr + •• +(- U'ttt"! — = i 

.-. a'=l + {a-l)ix\ + ^^,^{x),+ - +^—^{xl+ ■ ■ ■ ■ 
this is a well known particular case of the Binomial Expansion. 

To expand 

x + a 



we 



have P^ = -i-|_L.^Ci ^—T+rO, ^T--- + (-irH 

\r ya-\-r ^a + r-1 a + r-2 ^ aj 

1 \r_ 

"" \r (^a-^r){a + r- I)- ••(a + l)a- 

1 _ 1 , (X\ {Xk , {X)r 



x + a a aa+l aa + la + 2 a-a+l'-a + r 

This is a special case of Vandermonde's Theorem for negative 
integral values of the suffix. The functions which can be expanded 
in series of form (7) seem very restricted in number. 
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§6. Writing 
(« + y)n = (y)n + n • (y),._i(.x')i + ^J"' (y)«_o(;r)2 + • • • 

• • • + p (2/)»-r(^)r+ • • ■ 

divide both sides by {y)^ . 

Then ^-^-^=14-71 Wn-lC'^)! , ^'^-1 (y)n-2{^)2 

{y)n ■*■ (2/)„ ■" !l ij: (2/)« 

Now it is easily seen that ^^***-^ - 



{y)n y-n + \ 
(yUr 1 



(y)n (y-n+l), 

and (^n^ n(.4-y) n(y^) ^^^^^^ jj denotes Gauss's 
(2/)« n^a; + 2/-w) n(.T) 

n Function. Therefore 

U{x + y)'U{y-n) _^ ^ ^ {x\ 

U{x + y-n) U(x) (y - n + l)i 

n-n-l (03)2 n n - r + 1 (x)^ 

"*""~"2l (2/-n+l)(t/-n + 2)"*""."^ 71 (y-n + 1)/" ' 

Replacing w by - a, aj by - )8, and 1/ - n + 1 by y we have 

n(y-a-^-l).n(y-l) ^ , . ^ , a- a+ l- ^-^ + l 
n(7-/8-l)n(7-o-l) "*"ly i-2y7+l "^ ^ ■' 

= F.(«.Ay) 

§ 7. If in § 2, result (4), we had assumed the truth of Vander- 
monde's Theorem for unrestricted values of the suffix, Theorems (1), 
(2), and (3) would have been proved for all values of r . Since we 
have proved Vandermonde's Theorem for unrestricted values of the 
suffix, the proofs of §§ 2 and 3 may be repeated with r unrestricted. 
The use of (-!)** in §2 can easily be avoided. When r is un- 
restricted, {r)j. must be used instead of \r , 
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iBOgonals of a Triangle. 

By J. S. Mackay, M.A., LL.D. 

Definition. — If two angles have the same vet'tex and the same 
bisector, the sides of either angle are isogonal* to ecLch otiier tvith 
respect to the other angle. 

Thus the isogonal of AP with respect to l BAO is the image 
of AP in the bisector of L BAG. It is indifferent whether the 
bisector of the interior l BAG be taken, or the bisector of the angle 
adjacent to it ; the isogonal of AP remains the same. 

It follows from the definition that 

(1) The internal and the external bisectors of L BAG are their 

own isogonals. 

(2) The line joining the orthocentre of a triangle to any vertex 

is isogonal to the line joining the circumcentre to that 
vertex. 

(3) Any internal median of a triangle is isogonal to the cor- 

responding symmedian. 

(4) The tangents to the circumcircle of ABG at A, B, G are 

isogonal to the external medians. 



[The external medians are the parallels to the sides of a triangle drawn through 
the opposite vertices. 

The reason for the giving of this name will be found in the Proceedings of the 
Edinburgh Mathematical Society y Vol. I., p. 16 (1894).] 



* This terminology was proposed by Mr G. de Longchamps in his Journal de 
Math^matiques MMentaires, 2nd series, Vol. V., p. 245 (1886), 
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§1. 



(a) If P^Q he any two points taken on a pair of lines isogonal 
with respect to angle BAG^ the distances of P from AB^ AC are in- 
versely proportional* to those (f Q from AB, AC, 

Figure 29. 

If the quadrilateral AQgQQ^ be revolved through two right 
angles round the bisector of i. B as an axis, it will become homo- 
thetic to the quadrilateral AP^PPg ; therefore 

PPi:PP2 = QQ2:QQi 

(a') If P, Q be any tivo points and if the distances of P from 
AB^ AC be inversely proportional to those of Q from AB, AC, then 
AP, AQ are isogonal with respect to l BAC, 

This may be proved indirectly. 

(1) The points P^ Qi Q^ P2 cire con cyclic^ 

Since PjPg Q1Q2 are antiparallel with respect to l BAC ; 
therefore Pj Pg Qi Q2 are concyclic. 

(2) The centre of the circle PiQiQ2^2 ^ ^^^ mid point of PQ. 

For the perpendicular to P^Qj at its mid point goes through the 
centre of the circle ; and this perpendicular bisects PQ. 
So does the perpendicular to P2Q2 at its mid point. 

(3) P1P2 is perpendicular to AQ 
and Q^Q^ „ „ „ AP, 

* Sir James Ivory in Leyboum's Mathematical Rqposiiory, new series, Vol. I., 
Part II., p. 19 (1806). The mode of proof is due to Professor Neuberg. See his 
excellent memoir on the Recent Geometry of the Triangle in Rouch^ and Com- 
berousse's Traiti de Gioniitrie, First Part, p. 438 (1891). 

t This and the two following theorems are due to Steiner. See Gergonne's 
Annales, XIX., 37-64 (1828), or Steiner's Gesammelte Werke, I., 191-210 (1881). 
The proof given of (1) is Professor Neuberg's. See the reference in the preceding 
note. 
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For AP is a diameter of the circunicircle of APjPa ; therefore 
the isogonal of AP with respect to l Pi APa is the perpendicular * 
from A to PjP^ 

(4) The circumcentre of either of the triangles APjPg AQjQa 
and the orthocentre of the other are collinear with the point A. 

(5) Triangle PP^P^ is inversely similar f to QQ^Qv 

This follows from the demonstration of § 1 ; or it may be thus 
proved ; 

L PPjPo = L PAPo = L QAQi = L QQaQi- 

Similarly z. PP,P, = l QQiQ^, 

(6) I/PP^ QQ^meetatD 
and PP, QQ, „ „ E, 

then AD, AE are isogonals vnth respect to L BAC, 

Figure 30. 

JoinPjQa P2Q,. 

Since P^Q, P2Q2 are concyclic, 
therefore L AQ2P1 = L AQiPg 

therefore their complements are equal 
that is L P1Q2D = L P2Q1E. 

Similarly l QoPiD = l QiPjE ; 

therefore triangles PiQ2l^> I^aQiE are similar ; 

therefore F,Q^ : P^D = T^Q^ : PgE. 

Now triangles APjQa, AP2Q1 are similar ; 

therefore AP, : P,Q2 = APj : P2Q1. 

Hence AP^ : FJ) = APg : P^E 

and /.PiAD= Z.P2AE. 

The same result might be arrived at by revolving the quadri- 
lateral AQ2QQ1 througli two riglit angles round the bisector of 
^BAC. 



* This mode of proof is given by Professor Fuhrmann in his Synthetisehe 
Beweise planimetrischer Sdtze, p. 93 (1890). 
t See Ivory's paper akeady cited, p. 20, 
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§2. 

(a) If ABC be a triangle, and if AP, AQ he isogonal vnth respect 
to A, then * 

BP'BQ: CP'CQ = AB^ : AC" 

Figure 31. 

About APQ circumscribe a circle, cutting AB, AC in F, E ; 
join FE. 

Because l BAP = l C AQ 

therefore arc FP = arc EQ 

therefore FE is parallel to BC 

therefore AB : BF = AC :CE 

therefore AB« : ABBF= AC^ : ACCE 

therefore AB^ : BPBQ == AC- : CPCQ. 

A second demonstration will be found in C. Adams's Die 
mei'hwurdigsten Eigenschaften des geradlinigen Dreiecks, p. 1 
(1846), and a third in Professor Fuhrmann's Synthetische Beweise, 
p. 94 (1890). 

(a) If ABC be a triangle and BC be divided at P and Q so that 
BP'BQ :CP'CQ = AB': AC 
then t APy AQ are isogonals with respect to A. 
This may be proved indirectly. 

(I) If AQ be the internal or the external median from A, 
then BQ = CQ, and the theorem becomes \ 
BP:CP = AB^ AC^. 

* Pappus's Mathematical Collectiony VI. 12. The same theorem differently 
stated is more than once proved in Book VII. among the lemmas which Pappus 
gives for Apollonius's treatise on Determinate Section, The proof in the text is 
taken from Pappus. 

t In Pappus's Mathematical Collection^ VI. 13, there is proved the theorem : 

If BPBQ : CPCQ > AB^ : AC^ 
then L BAP > L CAQ. 

t Adams (see the reference to him on this page) gives (l)-(4), (6), (8). His 
proof of (4) is different from that in the text. 
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(2) If AQ be tlie internal or the external median from A 
and L BAG he rights then AP is perpendicular to BC, 

Figures 32, 33. 

Since l ACB = l C AQ = l BAP 

therefore l ACB + l CAP = l BAP + l, CAP 

= a right angle. 

(3) If AP and AQ coincide, then AP is either the internal or 
the external bisector of l A, and the theorem becomes 

BP:CP2 = AB*:AC^ 
or BP :0P =AB : AC 

a known result, namely, Euclid VI. 3, or the cognate theorem. 

(4) BP'CP : BQ'CQ = AF" : AQ\ 

This follows from the theorem of §2 by considering APQ as 
the triangle and AB, AC as the isogonals. 

(5) If AP, AQ which are isogonal with respect to l BAC meet the 
circumcircle of ABC in M, S, then AP'AS — AQAR. 

Figure 34. 

For triangles ACR, AQB are similar 
therefore AQ AR = AB- AC. 

Similarly AP-AS =AB-AC. 

(6) RS is parallel to BC. 

(7) The distances from the mid point of any side of a triangle to 
the points where two isogonals from the opposite vertex meet the 
circumcircle are equal.* 

For the perpendicular which bisects BC bisects RS. 

* Mr Emile Vigari^ in the Journal de Math^matigues M^mentaires, 2nd series, 
IV. 59 (1885). 
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(8) If APR becomes the diameter of the circumcircle ABC 
then AQ becomes perpendicular to BC, and 

AQAR= ABAC, 

a theorem of Brahmegupta's. 

See Chasles's Aper^u, 2nd ed., pp. 420-447. 

(9) If AP, AQ coincide, then AP becomes either the internal or 
the external bisector of l A. 

Hence in the first case 

ABAC = APAS 

=:APPS + AF 
= BPPC + AP; 
and in the second case 

ABAC = APAS 

= APPS-AP2 
= BPPC-APl 

(10) In triangle ABC, Al\ AQ are isogonah with respect to A ; 
through B draw BE parallel to AP ineeting CA in E ; 

„ C „ CF „ „ AQ ,, BA „ F; 
then EF is antiparallel * to BC with respect to A, 

Figure 35. 

For ^ABE= ^BAP= z.CAQ= ^ACF; 
therefore the points E, B, C, F are concyclic. 

The same thing would happen if BE, CF were drawn parallel 
to AQ, AP. 

(11) In triangle ABC, AP, AQ are isogonal ; from P and Q 
perpendiculars are drawn to BC ; tliese perpendiculars are inter- 
sected at D, E by a perpendicular to AB at B, and at D^, E' by a 
perpendicular to AC at C. To prove f 

BDBE : CD' CE' = AB^ : AC^ 



* Mr Emile Vigari6. 

t Mr Emile Vigari§ in the Journal de Math4matiques ^Umentaires, 2nd aeries, 
IV. 224 (1885) says that this theorem was communicated to him by his friend Mr 
Th. Valiech, 
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FiGURB 86. 

Draw AX .perpendicular to BC. 

The similar triangles BDP, BEQ, ABX give 

BD:BP =AB:AX 
BE:BQ =AB:AX 

therefore ^^^^^ =^?L 

BP • BQ AX^ 



Similarly 
therefore 
therefore 



CD' • CE' AC^ 



CP • CQ AX^ 

BD • BE CPCQ AB« 



CD'CE' ' BPBQ AO- 

BD ^BE AC^ _ AB^ 

CD' • CE' ' AB'^ AC 



(12) If in (11) AQ be the ^nedian* from A, 
then BD\CD'^A:E^ : AC^. 

Figure 36. 

For BE : BQ = AB : AX 

and CE' : CQ = AC : AX ; 

therefore BE :CE' = AB:AC, 

whence the result follows. 



§3. 



If three straight lines drawn through the vertices of a triangle are 
concurrent, their isogonals with respect to the angles of the triangle 
are also concur rent. % 

* Mr Emile Vigari^ in the Journal de Math^inatiques EUmentaireSf 2nd series, 
IV. 225 (1885). 

t Steiner in Gergonne's -4nnafe«, xix. 37-64 (1828), or Steiner's ^caammeite WerkCy 
I. 193 (1881). Ivory in his paper previously cited proves the theorem : 

If the isogonals BO, BO' meet the bisector of Z_ A at O, 0', 
then BO:00=BO':CO'; 

and he adds as a corollary that CO, CO' are isogonals with respect to 0. 
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Figure 37. 

Let BO, BO' be isogonals with respect to B 
and CO, CO' „ „ „ „ C; 

then AO, AO' are „ „ „ A. 

Denote the distances of O from the sides by pi p^ p^ and those 
of O' by g, q. q^ 

Then p^ q^ = p,^ q^ and p^ q^ = p.^ q^ 

therefore Vi^i—fz^z 

therefore AO, AO' are isogonals with respect to A. 

Another demonstration will be found in C. Adams's Eigenschaften 
des..,Dreiecks, pp. 7-8 (1846). 

Points such as O, O' determined by the intersection of pairs of 
isogonal lines will be called isogonal points^ or simply isogonals^ with 
respect to the triangle ABO. 

They are sometimes* called isogonally conjugate pohitSy or isogonal 
conjugates^ but more frequently on the continent of Europe inverse 
points with respect to the triangle ABC. 

The designation, inverse points, was suggested about the same 
time in Scotland and in France. See a paper read before the Royal 
Society of Edinburgh on 20th March 1865, by the Rev. Hugh 
Martin, and printed in their Transactions, xxiv. 37-52 : and an 
article by Mr J. J. A. Mathieu in the Nouvelles Annates, 2nd series, 
IV. 393-407, 481-493, 529-537 (1865). 

Perhaps the adoption of the nomenclature proposed by Mr G. de 
Longchamps in the Journal de Mathdniatiques J^lementaires, 2nd 
series, V. 109 (1886) would be advantageous. 

(1) i. BOC + L BO'C = 180'' -f A, 

Figure 37. 

For ^BOO =A-hABO-hACO, 

= A-|-OBO' + BCO', 

and ^ BO'C = A -H ABO' -f- ACO' ; 

therefore L BOC -f l BO'C = 2 A -f B + C, 

= 180°-f-A. 

* Professor J. Neuberg's Mimoire sur le Titrahdre^ p. 10 (1884). 
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(2) In triangle ABO, AP^ BPj OP, are concurrent at O, and 
their isogonals AQi BQg CQ, are concurrent at O'. 

Figure 36. 

Suppose BPj BQ2 to form one straight line 
and CP3 CQ3 „ „ „ „ „ ; 

then the points O O' coincide.* 

There are four cases. 

(a) If BPg CP3 bisect the interior angles B, C, then APj bisects 
the interior angle A. 

(b) If BPg CPj bisect the exterior angles B, C, then APj bisects 
the interior angle A. 

(c) If BP2 bisects the interior angle B 
and CPj „ „ exterior „ 0, 
then APj „ „ exterior „ A. 

(d) If BP2 bisects the exterior angle B 
and CPs „ „ interior „ 0, 
then APi „ „ exterior „ A. 

Hence the six bisectors of the angles of a triangle meet three by 
three in four points. 

Figure 36. 

(3) By considering APjQi as the triangle, and. AB, AC as the 

isogonals 

BPiCPi : BQiCQi = AP^^ : AQ^l 

Similarly CP^'AP^ : CQ^AQ^ = BP^^ : Bq,\ 

and AP3BP3 : AQ3BQ3 =- C^,' : CQ3^ ; 

BP^CP.'APa CP.AP^.BPs _ Afi^'BP.^CPa^ 
theretore BQf CQ^AQa CQ.-AQ^ BQ3 AQi'^BQ^^CQs^- 

Now BPf CP2AP3 = CPi- APa BP3 

and BQ1CQ2AQ3 = OQf AQ2 BQ3 ; 

APrBP,CP3_ BP,'CP2'AP3 _ CP,AP,'BP3 



therefore 



AQ.BQ^CQs BQfCQ^AQs CQiAQ.,BQ3 



* C. Adams's Eigenschaften de8...Dreieck8, p. 8 (1846). Adams gives also (3). 
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§4. 

Positions of two isogonal points with reference to a triangle, 

(1) Any point on a side has for isogonal point the opposite 
vertex. 

(2) A vertex has for isogonal point any point on the opposite 
side. 

(3) A point inside the triangle has its isogonal point also inside 
the triangle. 

(4) If a point be outside the triangle and situated in the angle 
vertically opposite to l BAG, for example, its isogonal point will be 
outside the triangle and situated in that segment of the circumcircle 
(remote from A) cut off by BO. 

(5) If a point be outside the circumcircle and situated within 
the angle BAG, for example, its isogonal point will be outside the 
circumcircle and situated within the same angle. 

(6) If a point be on the circumference of the circumcircle, its 
isogonal point will be at infinity. 

The truth of these statements,* which are not quite obvious, may 
be ascertained by the construction of a few figures. Of the last 
statement the following proof may be given : — 

Figure 39. 

If AD, BE, OF, be three parallel lines drawn through the ver- 
tices of a triangle ABG, their three isogonals will be concurrent at 
a point on the circumference of the circumcircle.! 

Because AD, BE, Q¥ are parallel, 
therefore arc AE = arc BD, arc BG = arc EF. 

Make arc GP equal to arc BD ; join AP, BP, OP. 

* They are all given by Mr J. J. A. Mathieu in Nouvellea AniudeSt 2nd series, 
IV. 403 (1865). 

t Professor Eugenio Beltrami in Memorie del VAccademia delle Scienze del 
Istituto di Bologna^ 2nd series, II., 383 (1863). 
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Since arc OP = arc BD, 
therefore l CAP = l BAD, 
and AP is isogonal to AD. 

Since arc CP = arc AE, 
therefore z. GBP = l ABE, 
and BP is isogonal to BE. 

Since arc BC = arc EF, arc CP = arc AE, 
therefore arc BP = arc AF ; 
therefore L BCP = L ACF, 
and OP is isogonal to OF. 

Hence, if P be a point on the circumcircle of ABO, the point 
isogonal to it is the point of concurrency of AD, BE, OF. 

(1) AD is perpendicular* to the Wallace line P (ABC). 
This follows from § 1, (3). 



§5. 

If three angular transversals cut the opposite sides in three collinear 
points^ their isogonals will also cut the opposite sides in three oollinear 
points* 

Figure 40. 

Let AD, AD' ; BE, BE' ; CF, OF be pairs of isogonals ; 
then if D, E, F, be collinear, so will D', E', F'. 

BD • BD' _ ^ 
^^^ CD • CD' " P ' 

CE • CE' _ a^ 
AE AE' " ■?' 

AF • AF b' 



BF . BF " a^ ' 

^, . BD • CE • AF BD' • CE' • AF , 
therefore ^ ^ . ^^ . ^^ • ^D' > AE' ■ BF = ^' 

* Professor J. Neuberg in Rouch^ and Comberousse's TraiU de Oiofnetrii, 
First Part, p. 439 (1891). 

t Townsend's Modem Geometry^ I. 181 (1863^. 
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Now _ _ 1 . 

CD • AE • BF " ^ ' 

,, . BD'CE'AF 

therefore _— — ^ ^, _^ , = 1 • 

CD'AE'-BF 

therefore D', E', ¥' are collinear. 



§6. 



If be any point in the plane of triangle ABC, and AO BO CO 
meet the circumcircle in A^ B^ C^ and D E F he the projections of 
on BC CA AB the triangles AjB^Gi DBF are directly similar, 
and the point of triangle DEF corresponds to that point of A-^BJJ^ 
which is isogonal* to 0. 

Figure 41. 

For the points O F B D are concyclic ; 

therefore L FDO = L FBO 

= L BiA,0. 

Similarly £. E DO = ^ G^Afi. 

The demonstration may be easily seen to apply to the more 
general case where Aj Bj Cj are taken inverse to O with any other 
constant of inversion.* 

(1) If O be the orthocentre of ABC, it must be the incentre or 
an excentre of DEF, and therefore the incentre or an excentre of 

(2) If O be the circumcentre of ABC, it must be the orthocentre 
of DEF, and therefore the circumcentre of AiBjCi. 

(3) If O be the incentre of ABC, it must be the circumcentre 
of DEF, and therefore the orthocentre of AjBiCj. 

(4) If O be an excentre of ABC, it must be the circumcentre of 
DEF, and therefore the orthocentre of AjBiCi. 

* Mr E. M. Langley and Professor Neuberg. (1)— (4) are Mr Langley's. See 
the Seventeenth General Report of the Association for the Improvement of Geometrical 
Teaching, p. 45(1891.) 



Digitized by 



Google 



178 



§7 



IJ two points be isogonal tcith respect to a triangle their six 
projections on the sides of the triangle are concyclic.* 

Figure 42. 

Let O, O' be isogonal with respect to ABC, and let D, E, F, 
D', E', F be their projections on the sides BC, CA, AB. 

Then EF is antiparallel to E'F with respect to A ; 

therefore E,E' F,F', are coney clic. 

Similarly F,F D,D' „ „ 

and D,D' E,E' „ „ ; 

therefore the six points are concyclic. 



§8 



If 0' be isogonal points with respect to ABC^ and D E F 
B'E F be their respective projections on BC CA AB, then 

AG BO CO are perpendicular to the sides of D'EF 
AOBO'CO' „ „ „ DEF, 

Figure 42. 

This has been established in § 1, (3). 



The application of the preceding properties of isogonals to the 
particular case of medians and symmedians will be taken up in a 
succeeding paper. 



* Steiner in Gergonno's AnnakSy xix. 37-64 (1828). 

In the same article will be found also the property of § 8. 
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EigUh Meeting, Fridatj, June lith, 1895. 



John M*Cowan, Esq., M.A., D.Sc., President, in the Chair. 



A Summary of the Theory of the Befraction of their approxi. 
mately Axial Pencils through a Series of Media bounded 
by coaxial Spherical Surfaces, with Applications to a 
Photographic Triplet, &c. 

By Professor Chrystal. 

[The Paper tuUl be published in the next Voluitie.] 



On a Diophantine Equation. 
By R. F. Davis, M.A. 

In the consideration of Question 12612 appearing in the Educa- 
tional Times for January of this year, proposed by the Rev. Dr. 
Haughton, F.R.S., of Trinity College, Dublin, the following 
Diophantine Equation suggests itself : 

What values of x make ^x' - 8x + 16 = □ ? 

Since it may be written 8.T(ar^- 1) + 16 = □ it is obvious that 

a; = Oj ± 1 are solutions. Also that a: = 2 is a solution. Moreover 

3 
03 = - — when substituted gives -27 + 12 + 16 = 1 and is therefore 

a solution, — marking approximately a limit to the negative root. 

I. Put 8a^ - Ssc + 16 = {ps? + aj - 4)- ; then after reduction and 
division by ar*, we have 

/a,-2-2a;(4-/?) + l-8p = (A) 
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It will be found that the roots of this equation are real and 
rational when 8jt?* ~ 8p + 1 6 - □ 

which is the same Diophantine Equation as tJiat with which we 
started. 

Hence the values of x obtained by experiment may be used for 
p in the equation (A) with the certainty of obtaining one or more 
fresh solutions. 

Thus put p — i) and we get - 8.x* + 1=0 a? = -r^ 

o 

j> >j /9=1 „ „ „ x^ - 6.«+ 7 = a;=-lor7 
„ „ p^\ „ „ „ .t'^-10.t+ 9 = .T-=-f-lor9 

5 3 

n ?^ = ^ J, » 5, -i'--- 4x'+15 = a^^Y' "2"' 

all depending on the fact that if one root of a quadratic equation be 
real and rational, so is the other root. 

II. The equation (A) may be written 

(;;.^ + l)^ = 8(x+it>) 

= l6a2, ga^y. 

whence px-\-\= 4a, and x + p = 2a-. 

Thus x{2a' - aj) - 4tt + 1 = 

a;'^-'2a-.'C + 4a- I =0 (B) 

and the roots of this equation are real and rational when 

a^-4a+l = n. 

Any value of x satisfying the original problem will, if 
substituted in (B), give two real and rational values of a. If 
one of these values of a be substituted in (B) and the equation 
then solved as regards x we get the original value of x and 
another value. 

Thus we are led (somewhat blindly it is true) to an interminable 
series of solutions : such as 

0, 1, -1, 2, 7, 9, 15, 496 
2' 2'- 8' 9' " 9' 25' 25' 49' 49' 81' ^^^' 
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